pr^:face 


This book is third in the series “A Textbook of Mathematics For Classes XI-XII.” 
As mentioned earlier, the cardinal question which confronted us was, “Should there be a- 
separate niath^atics for different categories of users, viz,, students of biology, physics, 
economics, etc. or would one core course meet the needs of all students in classes 
XI-XII ?” The feedback received from several teachers and subject specialists lipped the 
scales in favour of one core course in mathematics at this stage with situations drawn from 
various fields of applications, 

' A fairly clearcut framework was accordingly evolved by the Mathematics Group 
at the Council before embarking on preparation of drafts of various units T^is frame¬ 
work took due cognizance of the pre-requisites of the child, his expected level of attain¬ 
ment, capability for assimilation and other allied factors and determined the mode of 
introduction of a topic, lines of its development to the optimum level, including the choice 
of actual life situations and their points of injection, Extensive planning and intensive 
thinking has, therefore, gone into the base of this book 

The first draft was prepared, in keeping with the above guidelines, at a workshop 
specifically organised for this purpose at the Department of Mathematics, Kurukshetra 
University, Kurukshetra m which a large number of seasoned teachers, subject experts, 
besides members of the Mathematics Group at the Council, participated. I record my 
sincere gratitude to each one of them. 

I then undertook to edit and rewrite the materials with valuable assistance of 
Dr. Ajit Kaur Chilana,'Department of Mathematics, University of Delhi; Dr. Satish Shirali, 
Centre for Advanced Studies in Mathematics, Panjab University, Chandigarh and 
Dr. R.P Gupta of DESM. Dr. S.C, Das, Shri G.D. Dhalland Dr A.R, Sahu provided 
assistance in diverse ways. Shri R, S. Kothari, Dr. S. K, Singh Gauiam and Dr, A. R. 
Sahu provided answers to some of the units. Shri R S. Kothari looked after the prepara¬ 
tion of the final press copies. Dr. K C. Madan and Shri Mahendra Shanker editeti the 
Hindi version. I am highly obliged to each one of them for having contributed their mite 
gladly in carrying task forward through successive stages. 



It is Qow apt to draw the attention to some of the salient features of the book : 

1. The book keeps to the same lucid style as the earlier two in the series. 
Understanding of concepts and results has been emphasized, often by appeal¬ 
ing to the heuristics and even at the cost of rigour at times. This becomes 
■particularly apparent in the treatment of Calculus where the very fundamental 
concept of limit has been motivated through geometrical and heuristic argu¬ 
ments and where the justifications of the theorems and techniques have been 
given essentially intuitively. 

2. Suitable examples and situational motivation have been provided while 
introducing a concept. 

3 There is an abundance of solved examples to let the student appreciate the 
wide area of application of a concept. 

4. The book is divided into self-contained units. Each unit opens with a preview 
of what IS contained in it and is followed by a list of key concepts to enable 
the child to quickly review and recall what he has studied in a particular 
unit. 

5. Suggestions for further reading are provided at the end of every unit to let the 
interested students expand their horizons. 

6. The numerous exercises m each unit are intended to place in the hand nf the 
teacher a stock of questions in order that he can meet adequately the needs 
of the students with differing ability-levels 

7. Recall sections, units and exercises have been inserted to highlight the concepts 
that a child ought to grasp before he goes on to the next section or next unit 

8 Miscellaneous exercises haVe been included at suitable places so that the 
student can review the materials at appropriate intervals and attain proficiency 
in the subject. 

9 . “Why ?” has been added at several places to whet the student’s mathematical 
thinking and to crystallise his. ideas. The teacher is, therefore, ekpected to 
prod the student to supply the answers rather than simply give the answers 
himself. 

Mi Historical anecdbtes have' been introduced to let the student peep intb the 
process of evolution of a particular concept'and-see what goes on in the mind 
of a researcher and a mathematician, 
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The text-book is only one of the essential tools of teaching-learning process. The 
importance of the'role of the teacher in this process can never be overstated. It is not 
quite necessary to recall that it is the sacred duty of a teacher to make his subject as 
interesting and as alive as possible, to generate and sustain the interest of his students and 
to carry it forward to ever-widening frontiers. I am confident that the teacher will 
appreciate and join in the philosophy underlying this book, and endeavour to let the 
student develop a love for and attain high proficiency in the subject. 

Finally, I must re-emphasize what I have said to the students in the earlier two 
books of this series. 

The student who is about to study this book on mathematics, should with advan¬ 
tage, imbibe certain "good' learning habits from the outset Only then will he find the 
study of mathematics captivating and rewarding I venture to mention some of the ‘good' 
learning habits below : 

1. Mathematics is learnt by doing only. Do not just read your textbook You 
should always have a pencil and paper with you and ‘work through’ the text 

2. At places where you come across ‘Why ?’ in the text, you should strive to 
discover the answer 

3. Never spend too much time on a particular problem It is always better to go 
on to the next and revert to the one that is giving trouble, a little later with a 
fresh mind 

4 The human brain is capable of storing only a limited amount of information 
What is not used frequently is eliminated from the storage You will do well, 
therefore, to make summaries of basic results in every unit and frequently 
review them. 

Despite our best efforts, it is possible that .some unintentional errors might have 
eluded us. The Council Will acknowledge with much gratitude when any of these are 
pointed out and will welcome the suggestions of its users for improvement in the future 
editions of this book. 


New Delhi 
June, 1978 


Manmohan Singh Arora, 
Editor 
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UNIT XVII 


FLOW DIAGRAMS 


‘Problems’ are broken-up into a sequence of losical step<i Flow diae^rams 
me introduced as a means of expressing a particular sequencing 


17 1 Introduction 

Three men come to a river vvhicli they have to cross None of them knows how to 
swim There is no bridge in sight—only two boys fishing in a small boat The men ask 
the boys if they can help them cross the river However, the boys tell them that the boat 
IS loo small—it tan cairy only one adult or two boys How should the men get across’’ 

K liltle thought shows that the men can get across by the following scheme • 



Fig 17,l(i) ' Starting Position 
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Fig, 17 1 (iv): Tho boy ge(s out. One man rows to the other side 








flow diagrams 
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We are now in a position where one man has crossed to the other side, but the 
boys and the boat are back ■ This procedure can be repeated two more times All the 
three men will then have crossed the river The boys and the boat will again be back on 
this side 

Another method of exhibiting the above scheme is shown in Fig. 17.2. 

This method uses what we call a flow diagram. In reading a flow diagram, the 
‘flow’ or ‘direction’ of the arrows is followed In other words, the instructions in the 
boxes are intended to be carried out sequentially as indicated by the arrows. 

We observe that, in this diagram we have two types of ‘boxes’—rectangles and 
a rhombus (diamond-shaped). The diamond-shaped box contains a question which calls for 
making a decision and which has either ‘yes’ or ^no’ for the answer If the answer is ‘yes’, 
we go to the top as indicated by the arrow and start again (i e , we repeat the procedure) 
if the answer, however, is ‘no’, wc are done with the problem. We refer to the diamond¬ 
shaped box as the decision box 

Remark 1 : We again emphasize that a flow diagram is only a method of 
exhibiting a sequence of steps in a solution. It is not a method of finding the solution 

Remark 2 : Only questions which admit a yes-no answer are included in .he 
decision box. - 

We are all aware that computers arc being increasingly employed m our country 
to deal with complex problems arising in science, commerce, administration, education, 
etc The computers have a ‘language' of their own The people who ‘talk’ to the com¬ 
puters are known as programmers. The programmers often express a problem m a sequence 
of logical steps before ‘feeding’ it to the computer They find that a representation* of 
a sequence of logical steps, in the form of a flow diagram, is not only helpful but necessary 
in most cases, 


*The programmers also employ some other types of bo.xes. However, we shall use only the two types 
mentioned above 




One boy returns 
with the boat 
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Fig. 17 3 


Solution : The flow diagram writes 15 terms of the arithmetic sequence whose 
first term is 7 and the common difference is 4. 


Note that even though we start with the number 3, we do not write it. We begin 
writing numbers only after we have added 4 to the number 3. This is why the first 
number, that we write, is 7. 


Example 2 : What does the flow diagram in Fig. 1’7,4 do ? 
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Solution ; We are . 

.Wore, TrtZXrT'"^ 

17.3 Making a Flow Diagram 


by 


consider some examples of xnakmg flow d.agrams 
o-+ta+U, •» ...e re., roe,. „f . ,, 


10. We 


equation 
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Solution: How shall we proceed ’ We calculate the discriinmant D = -4flC 

_^ ;* / A 2 __ 

and check if D^O. If it is, we find the two roots as - — -Keeping this 

procedure in inind, we are able to make a flow diagram as shown m Fig. 17 5. 



Fig, 17 5 
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Example 2 : Make a flow diagram to calculate 10! 

Solution: How shall we proceed ? We recall that 10! = 1 X 2 X 3 . X 10 

Thus we multiply together the integers from 1 to 10. We, therefore, have a flow diagram 
as shown in Fig. 17 6 



Fig. 17.6 

[The reader should note that this flow diagram can be used to calculate n!. How? 
Only, the question in the decision box will have to be suitably worded,] 

Example 3 ; Make a flow diagram to calculate the compound interest on a 
certain sum of money, P, at r% pei annum for 12 years. 

SoliitioD : We recall that A=P ^1 ^ where A,F, r and m have their usual 

meanings, Here n= 12. Thus, ^ 1-j-_ We uecd to calculate the interest. 







I'LOW ULi\GUAM!, 


1, which IS equal to the .difference of this 
amount A and the principal, /*, i e , 


w) 


A required flow diagram ks given 
in Fig 17 7 



Fly. 17.7 








MAJUlLMAriOS 



In Ihe last flow diagram, we 
. ]< 


-1 


have calculated P ( \ \- — _ \ _ 

LV 100 ) 

Alternatively, we could have calculated 

case, a flow 

diagram could be as shown m Fig. 17,5 


Yes 
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It should be remarked that it is not uncommon for (wo persons to make two different 
flow diagrams for (he same problem. 

Example 4 : Make a flow diagram to calculate the sum of squares of first ii 
iiatuial numbers 

Solution: We want to calculate +«' Thus starting with 1, we square 

each integer, and keep performing additions until we have squared the integer n and 
added it to the sum already obtained. A flow diagram is given m Fig 17 9 



Fig. 17 9 
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EXERCISE 17.1 

Make a flow diagram for each of the following problems. Recall that different 

flow diagrams may be possible for the same problem. 

1. Write the lirst 20 terras of an arithmetic sequence, whose first term is —8 and common 
difference is 2. 

2. Calculate the sum of first 100 natural numbers, without using the formula. 

3. Calculate the value of 2'‘— 15. 

4. Calculate the mean (or average) of n given numbers. Perform only one addition at a 
time, 

3 

5. Write the first 15 terms of a geometric sequence whose first term is — and common 
ratio is — 2. 

6. Calculate r" and hence, the sum of n terms of a geometric sequence whose first term is 
■ ‘a’ and common ratio is ‘r’ Assume r> 1. 

7. Write the 15th to 20th powers of 4. 

8. What does the following flow diagram do ? 
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17,4 Key Concepts 


Flow diagram Decision box 


17.5 Suggestions for Further Rending 

The readet is leferred to any simple hook an (omputei pi Ogromminp, Joi instance, 

[1] D.G Moursund Hovr Computers do it. 

Wadsworth Publishing Company, Inc., California. (USA)- 1969 




UNIT XVIII 


WHAT SS CALCULUS ABOUT ? 


In this unit, we appuse the readei about the pi ohiems that are studied in 
Calculus In particular, the problem of speed is discussed and is used 
to provide a motivation for learning Calculus. Derivative as limit of difference 
quotient is introduced 


18.1 Introduction 

The word ‘Calculus’ is a Latin word, which means a ‘pebble’ or a ‘small stone’. In 
ancient times, pebbles were used as aids for calculations. In fact, the word ‘calculate’ 
IS also derived from the same Latin word ‘Calculus’ When we spealt of Calculus 
today, however, we mean the theory and techniques that we study in, what are called, 
Differentia] and Integral Calculus. 

If we examine the history of development of mathematics and the history of deve¬ 
lopment of science and technology in any culture, we find that the two are closely 
linked. Of course, this does not come as a surprise to us. For, when the scientists 
find the existing tools and techniques inadequate to ‘solve’ the problems of the day, they 
try to'dev/je'and‘ffeate’new tools and techniques. It was this ‘seal ch'that led to the 
development of, what we call, plane geometry—the ‘search’ for and the necessity of finding 
the areas and perimeters of land and determining when two figures are ‘congruent’ or 
‘similai’. Again, it was this ‘search’ that led to the creation of trigonometry—the ‘search’ 
for the techniques to find the sizes of heavenly bodies and distances between them. 

18.2 What is Calculus About ? 

' Calculus begins with a simple question, “What is the speed of a moving body at 
any particular instant of time and how do we calculate it ? ' This question plagued the 
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physicists and astronomeis of tile 17th century, who were very much concerned with the 
problems of motion. Another related problem in the study of motion is to find the 
direction of radtion of a moving body at any point of its (curvilinear) path. It turns out 
that this is essentially the problem of finding the direction of tangent to the path 

Besides providing satisfactory answers to the above question.s, the techniques of 
Calculus also yield solutions to several other problems We do not intend to catalogue 
these various types of problems here To do so will be meaningless for the reader at this 
stage. Our strategy therefore, will be to point them out when and where we meet them. 

Evolving out of the attempts to answer these siniple questions about speed, Calculus 
has made a tremendous impact, not only in science and technology, but also m such 
fields as economics, business, etc. New branches in mathematics, that u.se Calculus, have 
appeared. The study of Calculus is, therefore, a must foi any one wanting to be 
'litetate' in mathematics, 

18.3 The Problem of Speed 

We now turn our attention to the problem of speed Leins first recall what we 
mean by 'speed'. Speed is the iale of change of distance with respect to time 

How do we calculate the speed of a moving body If. for instance, it takes us' 

120 

2 hours to travel 120 km between two points, we say our speed is —^— i e , 60 kmlhour 

In othei words, if a body travels si units of distance in ti units of time and Sj in U units 
(tii>ti), then the average speed of this body from time ii to t, is calculated as 

Sj—Sx 
t..—ti 

This IS the concept of speed that we have leainl However, the body may not' 
move with the same speed throughout the time interval Have you cvci looked at the 
speedometer of a moving car or bus or tractor'' Do you think the speed that you observe 
is the average speed ■? No! It is the .speed at the particiihii instant at which you look at 
the .speedometer How do we calculate the speed of a moving body at a particular instant'/ 
In other words, how do we calculate the instantaneous speed of a moving body? 

■We are now making a distinction between interval and instant In calculating the 
average speed, we consider the speed of a body over an interval of time. This interval 
might be large or might be small. In fact, it might even be verv small. However, when 
we speak of an instant, we envisage it to be so small, so very small, that no time elapses, 
We shoult point out that like the notion of a ''point' in Geometry, the notion of an ‘wstant' 
in Calculus is also a mathematical abstraction 
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Tlie notion of speed at an instant presents some difticulties How do we calculate 
tlie speed at an instant? The distance travelled in an instant is 0 and so is the time elapsed 
If we apply the method that we have learnt, we are faced wiih the meaningless quantity 


We must, therefoie. evolve some other method 
of a body moving with a variable speed 


of calculating inslaniancous speed 


Let us considei the motion of abode Let us suppose that the bode travels 
according to s=4 9 t^ where s is the distance travelled (in metres) and t is the time (m 
seconds) 


We coii-Struct a table of distances travelled b> the body al the end of 1 second, 2 
seconds. 3 seconds, elc 


1 

Time elapsed 
(in seconds) 

0 

■ 

2 

1 

4 

5 

Distance travelled 
(in metres) 

0 

■ 

19 6 

44 1 

78.4 

122 5 


Certainly, you can calculate the avciage speed of this body during 0 Lo 1 seconds, 
1 to 2 s'econds, 2 to 3 seconds, etc We obseive that the average speed vanes' from one 
interval of time to the next We thus conclude that the body is moving with a variable 
speed 

How about the speed at (lie precise instant, say, 3 As remarked earliei, it is 
certainly not the average of the speeds from 0 to 3 seconds, or from 1 lo 3 second.s, or 
from 2 to 3 seconds 


Let us now see vvhat happens if we calculate the averages ovei smaller and smaller 
intervals with 3 a.s the end-point But why smallei and smaller intervals? It is because, 
although the body is moving with a variable speed, "we would expect that smaller the 
interval of time, lesser the variation in its speed. Let us sec if this is indeed true 


We again construct a table of distances against times elapsed 


Time 
elapsed 
(in seconds) 

2 

2.5 

1 

2.6 

1 

27 

i 

2 8 

i 

1 2 85 

1 

2.9 

2 95 

Distance 
travelled 
(in metres) 

1 

19.6 

30 625 

33 124 

1 

1 

35 721 

38 4(6 

39.800251 

41 209 

42 6422S 

1 
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ma i'hema riot, 


Time elapsed 
(in seconds) 


2 96 2.97 2 98 'josj 


: 99 :. 1 3 


Distance 

travelled 

(in metres) 


42.93184 43,22241 43.51396 43.80649 43 953122') 


We calculate the averages over smaller and smaller intervals with t as . 
We record these iij the table below ■ 


he tnd-poiiii 


Time interval. 


0 to 1 to 2 to 2.5 2 6 2.7 

^ 3 to 3 to 3 lo 3 


8 I's 


to . to 3 


^ 2,9 


Length of the 
time interval 
(in seconds) 


Average speed 
(m,'sec' 


2 I 0 5 0 4 0.3 


3 0 2 I 0.15 0,1 


14 7 19.6 24.5 26 95 27 44 27.93 28.4:> 28,66:> 28.9[ 


Time interval 


Length of the 
time interval 
(in seconds^ 


Average speed 
(m/sec) 


2.95 to 3 2 96 to 3 2 97 to 3 2.98 to 3 2 


99 to j 2 995 to j 


0 05 0 04 0 03 


0 02 0 01 



29 155 j 29.204 , 29.253 I 29,302 29.351 


29,3755 


Let us examine the averaae snpprie tu ... ^ 

28 665. 28.91, 29 155, 29,204. 29.253. 39..302. ’ d'T' 

closer and Closer to some fixed number’ Indeed IhJJ Do they sem to come 

29 4 seems to be a -fern' guess. Thus wp r>h« 

becomes smaller and smaller, the average sneedTeL ”*1 ‘“‘ervalt 

Mathematically, we say that as the th *^ "*^*^ i 

average speed approaches a fixed number. caL the HmVoTthraratTp'e^^^^^^^^^ 




WHA'I IS t;A.L( ULUS M.llUl ’ 


ly 

[The reader is advised to verify that if the length of the time intervals appiorichcs y.cro 
(fTOSB fc otllier sMe, namely, through the time intervals (3 to 3 5). (3 to 3 4), (3 to 3 3), 
(3 to 3 2), (3 to 3.15), (3 to 3.1), (3 to 3 05), (3 to 3 04), (3 to 3 03), (3 to 3 02). (3 to 
3 01), (3 to 3 005), etc —again the average speed approsiche.s .some fixed uumljer. Can you 
guess what this number is'^] 

It, tliereiore, seems i easonahlle tm take this linniit its the speed at the precise igistaut 
im question. Foi our example, we will say that the speed of the body at the mslanl 3 is 
29 4 m/sec 

This method of hnding instantaneous speed is obviously very tedious A.s we shall 
see, Calculu.s provides us with an eiegant way of finding these limits. 


EXERCISE 88.1 

1 The distance, s, travelled by a body in time, 1. is given by the formula s t“ 
Calculate 

(i) The average speed of the body during the first 4 seconds 
(li) The average speed during the fourth second 
(ill) The speed at the instant 4. (Try to make a 'fair' guess ) 

18.4 Difference Quotients ■ 

Let us again refer to the example studied in Section 18 3. A body is moving 
according to 

^-'•=4 9f=* (1) 

We observe that for each (non-negatiye) value of t, there is a (associated) value of 
s, which is given by the above formula. [In fact, this is how we calculated the table of 
values oft and s in Section 18,3.] Thus the formula defines what we call a real function. 
We recall that a real function is a way of associating with every number of a non-empty 
set A (AdR) a unique number of a set B(BdR), where R denotes the set of real numbers 

We shall concern ourselves with real functions in Calculus Henceforth, we shall 
refer to them, simply, as functions. 

Let us use the function notation and rewrite (1) as 

AO=4 9/" ^2) 

What. 15 f(2) ? Recall, tt is the value of the function at t=2 Thus, 
/(2)=4 9(2)*=;T9 6 What does f(2) represent ? 
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MA. I HEMATICS 


What IS t (3) What does /(3) represent '* 

What IS ^ 1 It IS i.e.,24.5 What does it lepreseiu ? It 

^ £• J 

represents* the average speed of the body during the third second, i.e., during the time 
interval (2 to 3 seconds). 

What doesrepresent It repiesents the average speed of the body 

2.0 j“*j 

duiing the tune interval (2.85 to 3 seconds). 

So here is a convenient way of representing average speeds, using the function 
notation. The expressions__Y'— , ^ 11 called'difference quotients, 

since they are quotients of differences 

Wg recall that to calculate the speed at the instant 3, we had to compute a whole 
lot of average speeds. averages taken over smaller and smaller intervals with 3 as the 
end-point Wc observed that these averages approached a limit and this limit was taken 
to be the speed at the instant 3. In terms of diflFerence quotients, we computed 

I /(2.51-A3) /(2 6)-/(3) 

2—-2 ’ 2 5_3 ’ ^ 6_3 ’ 

Also, we advised the reader to calculate 

/'(3 4) /(3) /(3.3)-/'(3) . 

3 5-3 ■ 3 4—3 ’ 3 3-3 ’ 


It is the limit of these difference quotients that we are interested in. 


Wc now introtiuce a slightly more convenient notation to be able to talk about 
'.ariows difl'eicnce quotients, all the same time 


Let LI5 denote** by /_J (read as ‘delta t’) the difference in time t. For instance, let 


At 2-3 

Then, 2=3-fA,/ 

We can now write the first difference quotient in (3) as 
thai A t<0. 


r (3-I-A/)-/ (3 ) 


Wc note 


mnre naiural way lo represent Die average speed would, perhaps, be- ^ ■, j-iowi 

3 —2 


matieLi,.,, ihe two me c(.|Uivalcnt For reasons to become clear later, wc use —AJU 


2—3 


vever, niailie- 
-10 represent 

the aveiage speed 

**At IS noi the product of A and t It is sirhp/y a convenient symbol to denote differences in r, Abeing the 
Greek letter for D. ; 



Now let 
Then, 
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ht = 2 5—3 
25=3 + Af 

We can, therefore, also write the second difference quotient in (3) as 
Again, we note that At<0 

We see that in this manner, the difference quotients in (3) can all be written as 

fO+M-fO) 

At 

with taking different (negative) values. 

Now let At=3 5—3 

Then, 3.5=3+A/ 

We can, therefore, write the first difference quotient in (4) as ^ 

We note that A<>0 

Again, let A\t=3 4—3 

Then, ■ 3.4=3+Af 

the seco difference quotient in 1.41 can, therefore, also be written .as 

/•(3 + A0-/(3) ' 

At 

Again, we note that At>0. JThus, again the difference quotients in (4) can all be 
written as 

/(3 + A0- /.(3} 

At 

( 

with At taking different (positive) values. 

With this At notation, therethre, it is possible to write'* each differenee quotient as 

f(3 + At>-f(3) 

At (5) 

where A t takes different positive or negative values I 

Further, it is the limit of these difference quotients in (5), as A t approaches zero, that 
we take as the speed of the moving body at the (precise) instant 3. Mathemaucully wc 

write the speed at instant 3 as (3) ^ abbreviation for 

Liim 

the'word ‘limit’ and means that the limit is to be taken as At approaches zero. 

*In older that we may write all the diflference quotients inform f5), wc wrpte the average speeds in (1) 
with negative denominators. 
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mvihematios 


leinark : The phrase ‘At approaches zero is a mathematical idealization, It 
simply means that we are considering difference quotients ovei smaller and smallei 
intervals. However, vie never considei At equal to zero. 

We will see in Section 18 5 that techniques of Calculus provide as with an elegant 
method of finding such limits without our having to go through the tedious calculations 
of Section 18 3. 

18.5 Liihits of Bifference Quotients : Deriyatives 


Let us now see if we can find 

Lim /(3+At) ~J (3) 

At-^0 

by some method more convenient than before. 


Certainly, we know how to calculate /'(3), /(3-1-At), etc 
f[i)=- 4 9 r®, we note that 


/(3 + At)=4.9 (3 + At)‘'=44 H-29.4(At)+4.9(At)® 

And, /(3)=44 1 

thus, /(3 + At)-/(3)=29.4(A04-4 9(At)“ 


Dividing both sides of (1) by At, wr have 


/(3+At)-/(3) 

At 


29,4+4,9(At) 


Again taking 


( 1 ) 

( 2 ) 


As At->0, 4.9(At) approaches zero and, therefore, R.H.S. in (2) approaches 29.4. 
Thus, the limit of the average speed, as At approaches zero, is 29.4. In other words, the 
speed at the instant t=3 is 29 4 m/sec. 

Example: Let us now use this method and find the speed at the instant t=4 
when/(f)=4.9t® 

To find the speed at the instant 4, we must compute 

Lim /(4+AO —/ (4) 

At^O At 


Now, /(4 + At)=4 9 (4+At)a=78 4-l 39,2(A0d-4.9(,'vfl* 

And, /(4)=78.4 

Thus, /'(4+At)-/(4j=39,2(A0-l-4,9(At)^ (1)« 

Dividing both sides of (3) by At, we have 

n4+Ao-n4) 


At 


-=39.2+4.9(At) 


(4) 
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As 4 9(A0--O and, therefore, R.H.S in (4) approaches 39 2 Thus, the 

-speed at the instant 1^-4 is 39 2 m/sec 

Cffln we generalize this method ? In other words, given f (t) = 4 9 t^, can we tind the 
■j 3 |{?'ed at Mote general instant t ? How shall we proceed To find the speed at instant 
t, we must compute 


Now, 

Thus, 

I e , 

Hence, 


Lim fU + At)-f(t) 

At->0 At 

/■(f-l-At)=4,9 (/ + At)“=4 9f2 + 9.8<(At)+4 9(A0' 
f{t+At) -/(0=4.9/2+9.8/(At)+4.9(/_\/)2 - 4.9r= 
f(t-\-At] - /(0 = 9.8t(AO+4.9(At)’ 

f([+At)—fS‘) 8r+4.9(At) 

At 


(5) 

( 6 ) 


As At->0, 4 9(At)-^^0 and, therefore, R H S m (6) approaches 9 8t Thus, speed 
at instant t is 9 8/ m/sec 


[The leader is advised to verify that for r=3, this indeed works out to 29 4 m/sec, 
and for t = 4, this works out to 39 2 m/sec ] 

Thus, for each positive value of t, there is an associated value of 9.8t, which 
gives the speed at instant t This function is called the derived function or derivative 
ffiiHction or simply, derivative of f and is denoted by f' (read as ‘f-dash‘). In other words, 

j{t)-4 9t\ 

/ (')=A<->0-- At - 

The values of ^ ^^A t —called derivatives of 

fat;=3,4, etc. 

This method of finding limits of dilference quotients is very powerful indeed, 
For one, it bypasses all those tedious and messy calculations Secondly, we get an exact 
value of the limit which we can ‘almost’ read off from the general expression for, difference- 
quotients. And finally, we need not work with specific values of t. As we have seen, we 
can find the limit for ‘general’ t and afterwards substitute any value of t that is desired. ■ 
'We, sometimes, refer to this method of finding derivatives as tile ieUa method. 

If. mstead of / (f) = 4 9t^, we use the notation ^=4.91'', then A-f can be used"" to 
denote,/ [t+ A'l - /(O and we have 

As=f{t+At)~f(l] (7) 


‘Again. is not the product of a and s. It is simply a convenient symbol to denote differences m ,i. 
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Then, 


Urn A/+Al)- f (/) 

A /“>0 —- IS 


hie same as , 


further abbreviated as ^ orj 


/' f~>0 / ' 'vhich can 


How do we calculate A- ? By the definition in (7), 

/('+A/) = /(/) + Aj==j + Aj 

, W -■'O-iuced by .be 0„.a„ ™.ba..„a,a„, G„„rH.d Wi».b 

l*,i (l««.,716) This symbol should „ot be ™is,aw„ for,h, . 

fn fact, nowhere have we used or given anv mean i, quotient of ds and dt 

i was introduced by the English scientist. Isaac Nelt^n (lZTl 727 ^ " w' , 

avoid the use of the symbol j in this book.' ^ will 

find derivatives of some simple functions ■ 

will take the domain to be the set R of real numbers. otherwise specified, we 

E».~PI. I , Given /(,v)=.v2, h„d fM b, the della melhod 
Solution : We have 


Thus, 

And, 


fix) =.r2 

f ix+Ax)~~f (x) = (;c-fA;t)- 

f{x+Ax)~n x) ^ 

Ajc " =2x--fA.v 


x-=2x(Ax)+(Ax)‘ 


Hence,/-(*)_ 


J 4 JU, 

A^->0 +, A =2x 


Example 2 : Given/(jc)=fl;c 2 where ‘n’.c 

method, Hence, find/'( 2 ). ’ " find/'(x) by the delta 

■ \ 

Solution : We have 


Thus, 

And, 


/ W=flj:2 


/('■'■'+A V) ~/(x) 

f(x + Ax) - f(x) 
Ax 


= a(x+Ax)- — 


=2fl[.v-f fl(A.v) 


flvV-=2a.r(AA-)ffl(AA:)2' 


Hence. 

■ ' ' AJr->0 


/(v+ Ax)^f(x ) 

Ax 


Lim 

A Y-^0 L2fll + fl(A.Y)J 
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what is CALCULI'S ABOUT ? 

Now, as a(Ax)-^0 

Thus, /■(.-)= /'£± A^)-/W ,.;„, 

And, /■' (2) = Value of T U) at (a'=2) 

=4a 


Remark : Wc observe that the derivative of a 
multiple of the derivative of x^. 


scalar multiple of x^ is the scalar 


Example 3 ■ Let V— aA--t-3^ where ‘a' is. a constant 


Hence, hnd 


T- at A= — 1 

ax 


Find 


dx 


by the delta method- 


T-«.4°""wVh,v?''” ^ + ^^•’^'‘='■'“"'6* "y « + A,,u,hcRHs „f 

d'+Av-<i(.vi-A a-)2+3 

Since, Ad'--(i'+Ad")—3', It follows that 

Ay^aix-^ Aa-) 2+3—i4/r^’ + 3) 

i.e, A3'-=2ax(A-vJ + fl(A->c)2 

Hence, -^=2ov + a(A.v) 

Taking the limit of -^^as A-v^O, wc have 

dy_ Lim Ay Lim , 

dx Ax^O Ax 

Now ^at(x=-l)=Valucof^ at (X-.-I) 

= —2a 

It is often more convenient to denote the value ®f ^ at (x -1) by the hymbol 

-^1 -**? I 

dxjx — —I dx' x= — I 
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M\'inrMAii('s 


1 Given / (G -2,v', compute 

^(3 8W(4)^ 
38-4 ■ 


(0 


/ t4 l)-7 i4) 
4 1-4 


EXEHrSSE 18 2 


(h) 

(d) 


/ (3.9 )--/ (4i 

3 9-4 

/ (4 3) - -n4) 

4 3-4 


2 The distance s of a body moving in a stiaiglil line, in lime f. is given by the loimul.i 

5 (/>0) Determine the speed at f 1, f 3 / 4 Is the body moving u iih 

uniform speed Give leasoii for your answer 

3 An object, near the surface of the moon, falling fieely undei gravity (of the moon 
and starting from rest, falls according to the formula ^ 0 H ft>0), where ^ i, 
measuied m metres and t in seconds Use the delta method to determine its speed 
at the end of the 2nd second 

4. Given / (v)—4^ —3, find /'(v) Hence calculate /'(O). /'( —Jj, f'{2) 

5 Given g(,v)--use the delta method to lindg'lxi. Hence find g'<0). g'( || 

and g' (^-y^ 

6. Given h{r)--ni', use the delta method to find h' (r) Hence hnd h' ‘"id /i'itti 

1 Lcty--2—3v“. Use the delta method to lind , 

. ‘ dX J r- - 1 

3 

H. A body travels ‘o Uiat its distance sat any \ime t is given by the lorumula s 3.2t“ 
(/^O), Use the delta method to find it,s speed at instant i 

9. Find the deiived lunctions of the following functions 
(a) l(\] \ (b' 


18.6 Key Concepts 


Average speed Real functions 

Instantaneous speed difference quotients 

Limits ' Denvative.s 
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18,7 Suggestions for Further Reading 

All dcganl dmmon of. the pmblm of speed li s‘vcn in 

[1] Morns Kline Calculus-Aii Intuitive and Physical Approach, Part One 
John Wiley and Sons, Inc, New York (U S A.). 1967 

Foi a general reading about the problems studied in Calculus, the reader is lejencd 
to the paperback 

[2] W.W Sawyer What is Calculus About ? 

The L W Singer Company, New York (U S A), 1961 

Foi a iigoroiis treatment of limits of sequences and functions, the leader is 
referred to 

[3] R Courant and H Robbins What is Mathematics ? 

Oxford University Press, New York (U S A)-1963 

An excellent collection of articles on history,^pedagogy and concepts of Calculus is 

found in 

[4] T M Apostol, elc (Editors) Selected Papers on Calculus 
, Mathematical Association of America, (U S.A). 1969 



UNIT XIX 


DERIVATIVES OF POLYNOMIALS 


IVe learn how 
the della method. 


to find the derivative of natui'al number powers 
Then we Study derivatives of polynomials 


of X, using 


19.1 Introduction 


We already know how fo find the derivatives of simple functions such as x*, ax^ and 
We will now learn how to find derivative of a natural number power of x How¬ 
ever, before we do so, we will use the delta method and find the derivative of a constant 
and derivative of f I \ ) = v’ 

I 

19.2 Derivative of a C onstant 

Let /|a:)=c be a constant function. 

Then. /(jt I-A.x)-«c (Why?) 


[Because, m /(v) == c, the value of the function is c, regardless of the value of x.’ 
Thus, /' («r+A-*)—/(x) — c-f=0 

.f{Ji + tsx) ~-f(x ) ^ 0 

A* Ax 


And, 


( 1 ) 


Now, what is the'limit in (I) as A x->0. Certainly an expression which is always 
zero must have 0 as the limit (as Ax->0). Thus 
^ Lim /|x+Ax)-/(Jc) 

' In other words, the derivative «f a coiBtant functhn is zero. 

[The reader is also referred to Q. No. 9(h), Exercise 18.2.] 

We will now find the derivaiive of f{x\^=x* in the next .section. 



DI'-RlVA'l'IVliS Ol' POIYNOMIALS 


29 


19.3 Derivative of Hx)-=x'' 


We liibt state. \Mtlioul proof, two important properties of limits which we shall 
often use. 

If a and c are real niimhcrs and if f (xi and g (x) exist, then 


xTc [ af(x)]=a l^f (X)] 

(«1 [_ = xi” 8'*' 

We now use the delta method to find the derivative of fiK} = v\ 

We have /(.v+ A \) = (-V'+ AJc)“ 

le, /(.\ + Av) = r3+3vJ(AJc)+3x(A-^)*+(/ 

Thus, /(v+ A v)—/(r) = 3.vn Aa-) +3x( A-^)*+( A-^')^ (1) 

Dividing both sides of (1) by A^, we get 

l(^ + 3x2+3x( A .V) + ( A-v)* (2) 

In (2), we need to take the limit as Av-.'O. Since A-v-.-0, it is icasonableto 
consider only those values of A '■'for which — l<Av<l 


1 e , 1 A'" I <1 

Let us multiply both sides of (3) by [ A-v | • We gel 

I A.v 1 1 Av 1 


Thus if A' >0, certainly (A')“—0 


Hence, 


Lim /i\x)—f{K) Lim 
a\' ^0 ~ A^f-^O 


j^3vH3x{A-v)+(Z\.v)“] 


=3v“ 


13) 


le, /■'fv)=3.\'' 

Thus, the derivative of f( x )=x3 is f'(x)=3x^. 

[The reader is advised lo verify that the derivative of where ‘a' is a real 

constant is /i'(.v)=a(3v“)=3fl.v*. In other words, the idenvativc of a scalar multiple'of x^ 
is the scalar multiple of the derivative of x’.] 
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19.4 Tsifole fflf BScrnative.s 

By now, we should be immediately able to wiite do>vn the dciivativcs of a.^ m' 
a\^, ti\ and constants for the beneht of the leadei, we siimmaiue some of Ihest 
impoitant functions and then derivatives in the table below'*'. 


Function f[x) 

Derived Function J'(x) j 

c (constant) 

0 

u\ 

a 

V- 

lx 

a r- 

a{lx) — lax 


lx" 

u.\» 

«(3'i')=3riv- 


We cotisidei some examples. 

ciy 

Kxample 1; If y= — 3x'‘, use the table to find and .hence Us value at .v=—2, 
Solution; We at once write down the derivative of .v=—3.v^ 

We have, = —3(3a‘') = —9v- 


Thus, ^ at (.v--2) = Valueof-9v-“at(.v = -2) 

==-36. 

Example 2 : Given f(x) —find /' j. 

Solution : Wt; must first find J'(x) and then its value at ^jc=-^ 
Since f'[x)=-^x\ we have 
f'(x) = l(2x)=^x 
Thus, /'^^y-=Value Qtf'(x) at 



*‘a', in the table, is intended to be a (real) constant. 




Di'.iiivA'nviis nr polynomials ;il 

lii the next section, we leain how to find the derivative of x” foj n. a natural 


numbci 

ly..*) Derivative of/(K) = j£" for n, a natural uusnber 

Let us first see if you can guess what the dciivative will be We lecall that the 
Derivative of x is 1, 

Derivative of X" is lx, 
derivative of is 3x’. 

What, ilo YOU think, will be the derivative of x" ? A little use ot intuition tells us 
that It will be iisx"“^. That it is indeed so is shown below 

f(x)=x« ( 1 ) 

Then /(v+Av)=(x +A^:)” 

We can use the Binomial Theorem to expand (v-)-Ax)". We have 
_/(v + Ax) =xn + C(fi, 1) .v"-i (Ax) +C(«, 2)x"-’(Ax)'-^+ . + 

C{n, «—l)x( Ax)"-i-f (Ax)a ( 2 ) 

Subtracting (1) from (2) and dividing both sides hv Ax, we have 

Ajg+Ax)-y(x)^^^^^ 1).V"-1 + C(«, 2) x“-MAx)+ .-)-C(n, n_i)x(Ax)n-2 + (Ax)"-> (3) 

A ^ 

In (3), we need to take the limit as Ax->-0, Since Ax-»0, again we will consider 
only those values of /\x for which — 1 < Ax<Il, i e, 

I Ax I (4) 

Let us multiply both side.s of (4) by | Ax I We get 

I Ax I "< I Ax 1 (5) 

Thus, if Ax~?-0, certainly (Ax)®-^ti 

Now let us multiply both sides of (4) by | Ax | We get 

I Ax I ® < I Ax I * (6) 

But, from (31, |Axl®<|Ax| Thus, (6) becomes 
I A V I ’I < I Ax 1 
Again if AX^O, certainty (Ax)^^0 

Similarly, we can show that if Ax ->*J, then (Ax)4-^0, (Ax)'->0, and so cn. 
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When we take the limit in (3). therefore, as A-v-^0, we get 

« 

A = /_.^v^o[c("- 1) -'"-^+C(«, 2)a-^ (^v) + -... 


+ C(n. n-l)v(Av)'’-H(A 


. 0 -] 


le,. . /'(.'l)-vn-‘=n\”~* 

We, thus, have the following very important result which we state as a theorem 
Theorem 1 : Iff(xl--x“, 


then the derivative of f(xl is 
,f'(xl=nx'‘“‘ 

where n is a natural numbdr. 

[The reader is advised to verify that the derivative of ^(x)=fl.v“ is ff’(.Ti)-- alnx’'~') 
= where ‘u' is a real constant and « is a natural number. In other wor^s, the 

derivative of a scalar multiple of x" is the scalar multiple of the derivative of x<' for n, a 
natural number ] 

We now consider some exanrples 

Example 1; lf>' = \'’, tind ^ 


Solution. 


As a direct consequence of the above theorem, we immediately have 



Example 2 Given.ftv) -- find /''(v), Hence, lind/' (0) 


Solution ; We are given that 

2vt 


Thus, 7'(v)=—2(4 v3)=-8a-3 

Hence, r(0')=Value oF/'(v) at (v:=0) 

I 

1 e , r(0)=0 

Example 3 : Given/(v) = -^x‘' find / ( ^ ) 
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SolutioD: We must first find f'(x) and then the value of f {x) at 
We have 

rw=-^ (fix') 

2\2 ) 64 


EXERCISE 19.1 


Find the derivative of each of the following functions . 



2 , f{x)^-Jx 

3, y=U^ 


5, y=:-6x^ 

6. /(x)=8x' ' 

^ 5 , 

’ T * 

8 . ,■=- fx- ' ■ 

9 . y=-3 
10. /(x)=7 

For each of the following functions, evaluate the derivative af the indicated 
value (s) . 

11 J =16 t , t -- 3 , t - 0 , (--=18 

12. J--4.9 (“; (=1, ( -5 
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13 

3 ,n ' 1 

V- -joV-A x -u,x 

= 2 



M 

/'(x) —xA 0, V—I, X- 2 X 

3 



15 

g(x) ^ 4x“ , V--— 4- V 4“ 




16 

f{x) --X , X 1802 




17, 

4 dU 

Given V find -p- and 

3 iir 

hence 

dv- 

dr\ 

) 2 

18 

Use the delta method to imd 

the 

derivative 


. and/'(0). 


19 6 Derivatives of Polynomials 

We now learn how to find the derivatives of polynomials Considei, foi inilance, 
the polynomial 

/(x)---=3.xa-2x - ) 

Let us use the delta method Wc have 

f (^'+ A v] -■=3(a:+ A-t)=>-2(.v-j- A <) 

ie, Ajc+AJ()-=3'f®+9v'i(A-T)-l-9\(Av ■•>-j-3(A x-)3—2\-2lAi) 3) 

Subtracting (1) ftom (2) and dividing both sides hy A^. we get 

/ r. 9 X M- 9 V f A V- -h 3 ( A '0 ^ - 2 

A' 


Now as A I'- by an lUgtH.ic il ■•m.iliu' lo il ■ on,; given m 'jki Pon !'■ i, ’ 
Lini f{x \-/\x)—f(x) . r. 

i.e., f'{x)--9x^-2 

JVe, therefore, see ihat if 

/(x)--3x=>-2x 

then, •/'(x)=9jc=-2 


But the derivative of by itself, is '9.v® dnd that of 2jir, by itself, is 2. -We, 

observe, therefore, that the derivative of the difference of two (monomials) fraictiona Is the 
difference of their derivatives. 
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We now pt-ove follcfwing important theorems about derivatives, 

Theorem 2: If 

f(K)=ag{x), 

then f'(x)=ag'(K) 

wiici'e ‘a’ is a real constant. 


Proof ; The proof is rather simple We use the delta method. We have 

f {x)=ag{x) 

Thus, /■ (jc-b A^)=o^(.>f+Ax) 

Subtracting (1) from (2) and dividing both sides by A^, we get 

f (x+ Aj^) —/ (-t^ ) _ 

f {x-Vd.x)-f{ x) r g x-]-lsx)-g{x) 1 

AJc L J 

In (3), we take the limit as A^-^0- Wc get 

/ (-v+A^)—/( ■^- _ ^ r g(-^+Aw)—g(.Y) 

A^-*-0 /\X ~ /\X^0 [_ ,'^y( 


(M 

( 2 ) 


(3) 

(4) 


We recall the property of limits oamely, the limit of a scalar multiple of a func- 
tioa is equal to the scalar muLiple of the limit of the function (See Section 19.3). We 
thus have from (4). 


r .<-) 


r 


Lim g(jc-l-A«)-g(^) 


■O' 


A.Jc 


■J= 


ag'ix), 


h tin; liieofem 


,1 ni'‘. fi'C d'.ii’, -livv. v'i '• 'j'."i'Jflj* iunniiiHole oli a iiwmctionis tSae scalar multiple of the 
Oil tSie fiiwcliioiiJ, 

Theorem 3 . ff f(s)=g(K)-l h(x). 

Ih«n' f (x)--=g'(x)—h'W 

That IS to say. the derivative of the sum of two functions is the sum of ttidr 
toivatives. 

I 

Proof : Aga n, the proof is rather simple and uses the property of the limit of the 
sum of two functions We have 

/ (x)=g(jc)+ft(x)^ (1) 
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Thus, /(x+AJc)=ff(x+AJc)+*(>:+A^) (2) 

ffx4-Axl-nx) g(x+Ax)+A(x+A^) ~g{x)-hix ] 

And, -“= AX 

g(x-HAx)-ff(x) , /i(x+Ax)~/i(x)_, 

= + Ax ^ ‘ 

Taking limit in (3) as Ax->-0, we get 

Lim ^(x +Ax)-/(x) Litn r g(x+Ax)-g(jO /i(x+Ax)-/i(x) "I 

Ax->0 A^c Ax->-0 [_ Ax Ax J 

Lim g(x+Ax)-g(x) Lim /t(x+Ax)-/i(xj . 

"Ax^O Ax Ax-^0 "i^x 


i.e., /'(x)=g'(x)+A'(x), 

which provfes the theorem- 

, As a consequence of Theorems 2 and 3, we have the following important theorem 
about the derivative of a linear sum of functions, which we simpfy state but which we _ 
shall not prove 

Theorem 4 : The derivative of a linear sum of a finite number of functions is the 
linear sum of their derivatives. That is, if 

f(x)=aifi(x)+a 2 f 2 (x) + •+anffii(x) 

then, ' 

f'(x)=ai fi'(x)+®a fa fo’U) 

where ai, aj,..., an are (real) constants. 

We are now in a position to find the derivatives of polynomials. We consider 
some examples. 

Example 1: Find if y=x*—3x*+x 


have 


Solution : We can use the theorem about the derivative of a linear sum 


Thus, 


3x“-l-x 

=4x^-3 (2x) + l 


We 


:=4x^—6x-hl 
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Example 2: Let /(x)-3x^+7-xL Find/''(2) 

Solution; We first find/'(x) and then find the value of/'(x) at x=2. We have 
f{x)=2x^+lx^ 

Thus, /'(x)=3(3x*)+7(5x4) 

=9x“+35x* 

/■'(2)=Valuc of/'(■*) at (t=2) 

= 9(2)^+35(2)4 
= 36+560=596 


Example 3.: The height above the ground of a ball thrown upwards with an 
Initial speed of 3ni/sec is 


5 = 301 - 4 . 9 /® 


ds 

It 


Find its instantaneous speed at the end of 2 seconds. 

/ 

Solution ; To find the instantaneous speed, we must first find the derived function 
We have 

j'=30f-4 9/® 

Thus, — =30-4.9(^f) 

=30-9.8/ 

Now, instantaneous speed at the end of 2 seconds 

-JO-9,8.], 

=30-9 8(2) 

= 10 4 


Thus, the instantaneous speed at the end of 2 seconds is 10.4 m/sec. 

We close this section by stating the following theorem about the derivatives of 
polynomials. The proof of the theorem is rather obvious. 

Theorem 5 :' If 

'f(x)=ao+aiX+a2X®+ ..+anx” 

\ I 

is a polynomial in x,\ of degree n (in?-®) where ao, ai, a^, ..., an are (real)' constants, 
then 

f'(x)=-ai+2a2X+3aax®+... fBanX^'-" 

We observe that tne derivative is again a polyaomial in x, but of degree (n —1}. 
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EXERCISE 19.2 


1. Use the d^lta method to prove that if 


thea 


where o, b and c are (real) constants 


y “ AX'* tj V -I- c. 


= 2«Xt- £> 


Find the derivative of each of the following ’ 


2. .y^~2 -2x“ + 6x—3 


„ £rx-f- b , „ 

3. y= - 


4 + . 


5. 6x“+8x 

JC^ 

6 . -^ 


7. jj = 4x2—8x + 


8. / (x)^x»^3x®-h3x— -I 

9. G(t)=3<4 — 

10 . _2 

11. - —2>f“+l— 

12. jr(r)=H-r 


13 Hiy) = 


3 >'°+ 3>^—6 
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14. Given — If' - 8f—5, find Hence find ^ at / = 0, 1 and 2 

at at 


15 Given/(A)-- y ^+x-16. find T (0)./' (l) and/'(-1) 


16 Given G(u) --2— w + find G'(— 2) 

17 Let G(v)= 7x'‘' + 5-v'-3. Find G (I) and G'(-l) 
18. Let/f(v) --2j'4-6/+2>’-4- Find .ff'{2), 

19 If 3'-^---^ -|-4"-*’~'5+2 x, find ^atx= —2. 

4 7 dx I 

20 Given Ai)-^^ 


21 A ball IS thrown verticalJy upwards with an initial speed of 29 4 w/sec. The 
height s above the ground at any instant t is g ven by 

s=29At-4.9t^ ' 

{a) Find the instantaneous speed at the end of 1 second ; 2 seconds 

(b) How much time does it take for the ball to reach its highest point 

[Hint: At the highest point, *he instantaneous speed of the ball becomes zero. 
The ball then changes its direction of motion and start.s falliii^ to the ground ] 

(c) How high will the ball go ? 


22. A particle is moving along a horizontal line Its distance s (in metres) from 
a point O at t seconds is given by the equation 

j=8-r2+r» 

Determine its instantaneohs speed at the end of 3 seconds. 

23 The total cost C(x), in rupees, of manufacturing x watches in a certain factory 
is given by the cost function 

C(x)=60 + 400x+40x2 

Find the marginal cost of manufacturing 100 watches. 

[Hint; If the total cost is denoted bv C(x), marginal cost is defined as C'(x).] 
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19.7 Key Concepts 


Derivative of a constant Derivative of a sum df functions 

Derivative of x" Derivative of a linear sum of functions 

Derivative of a scalar multiple of Derivative of a polynomial 

a function 


19.8 Suggestions for Further Reading 

A discussion, at a more rigorous level, is found in 

[ 1] G.H Hardy ; A Course of Pure Mathematics 10th Editioa. 
Cambridge Universrty Press, London (U.K.) 1963 



UNIT XX 

' I 

THE PROBLEM OF TANGENTS 


In this unit, we attempt to find a geometrical meaning of the derivative 
Applications to determine the equations of the tangent and the normal at any 
point of the path of a moving body are considered 


20.1 Introduction 

We remarked in Section 18 1 iliat, related to the problem of speed of a moving 
body is the problem of finding the direction of motion of the body at any point of its 
path. This IS essentially the problem of finding the direction of tangent to the path, 
which we term as the problem of tangents. 

If the path of a moving body is a circle C with centre 0, we recall, from our 
study of Geometry, that given a point P on C, any line through P meets the curve C in 
two points, say, P and Q, most of the time- 
(See Fig. 20.1). This line PQ is called a 
secant to the circle C. Also, if we turn the 
line PQ around P in such a way that Q comes 
closertoP, th^e is a position of the lin^ in which. 

It meets the circl&-v,Q^ at one point, namely, 
at P. When a line meetT-a^ciicle in only one 
point, it is called a tangent or tangent line to 
the circle. The point at which the line meets 
the circle is called the point of contact and 
the line is said to touch the circle at that 
point. 



Fig 20.1 
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We also Itnow huw to draw this tangent. Wc make use of the important theoiem, 
namely, a tangent at any point of a circle is perpendicular to the radius throiigli the point 
of contact 

Now if the path of a moving body is other than a circle, (for instance, a pauibola, 
an ellipse, etc ) we do not even know what we mean by a tangent at a point P of the 
path. Can we simply say that a 1 ne which meets the path in only one point is a tangent 
to the path at that pointA moment’s reflection will show that this definition will not 
suffice. Consider, for instance, the following situation . 



Fig. 20.1 


In Fig 20.2, seca t PQ is turned around P m such a way that the point Q colmes 
closer to P. We feel .uitively that the position PPi, therefore should be called a 

tangent’ to the path a. * But PPi meets the curve in more than one point. We need 

/ 

a new, more general, defin tfon of tangent or tangent line, namely it is the limiting line of 
the secants PQ as Q move, towards P along the curve. The point P is called the point of 
tangency. 

Now what do we me ' 1 by t e direction of the tangent? Wc recall from our 
of Analytic Geometry h t he direction of a’ line is determined by its slope. Thus, 
when we speak of the direc'on of the tangent to the path, we mean to study the slope of 
the tangent to the path. 

20,2 Geolnetrical Mean'ng of the I erivative 

We now attempt to find a geometrical meaning of the derivative Let us assume 
that the path of a moving body is a parabola given by the equation 

^ y ^^“+2 

■*' ,, 4 ' 
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We recall the various steps in finding the derivative at a point, say (x^, yo) to the 
above path and see what is the goemetiical meaning of each step [See Figs, 20.3 (i) nd (if)) 

We substitute (Xp, in the equation and get 

>< 0 =-^ Xj 2-)-2 Geometrically ^x^-^l=PA 

Now yo+A>'=--“(^Xo4-Ax j+2 -^-(tCo+A-)^+2^g5 

Thus, Ay=-^( Xo+Axy+2-(^-J-x,a+2^ ^y=QB-PA 

te., Ay= ^xo Ax y i.e., Ay=QB-MB-QM 


Dividing both sides by Ax, we get 



Fig 20 3 (-) 
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Y 



/\y 

The quantity has an important geometrical meaning, namely, it is the slope of the 

secant PQ. 

Now, let us take the limit as We get 

dy Lim Ay Lim f 1 , 1 ^ M 

dx ~ ~ A-x:-^0 [ 2 4 V jj 


Corresponding to this last step of taking the limit as /\x^0, let us see what is happen¬ 
ing geometrically. As /sx approaches zero {i,e., as I A-^ I becomes smaller and smaller), 
the point Q moves along the curve towards P-i.e., Q moves through positions Qi, Q^, etc 
[See Fig. 20,3 (n)]. We observe that as 1 A^ I becomes smaller and smaller, |-Ay I 
simultaneously becomes smaller and smaller. Also thpt as A>^-5^0, the hues PQ, PQi, 
PQi, etc. approach the line PPi which, of course, js .the tangent to the curve at P. Thus, 
as Aa'-^O. the slope of the secant PQ approaches the slope of the tangent at P. 
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We ,see, therefore, that the derivative at a point P of the curve is the slope of the 
tangent to the curve at the point P. 

Let us now denote the path of a moving body by 

wheiey (a) has derivative/'(x) at all points of the path 
Let (a’o, yo) be a point on this patfi. 



Then the slope of the secant PQ is 

= fiXa+Ax)-fixo) ^ /'(-Vo + Ax)-/(Xo 
’ T^o+Ajc)-Xo A^ 


msq- 




Now as A^-^0, R.H.S of (1) and, hence, mpd approaches f (a„). Also as 
A^->0, the point' 2 moves along the curve towards* P and the secant PQ moves towards 

*In other words, f '(x„+Ax) approaches /(Xo) ?s A:it->0. In technical lanenarte, this fact is expressed 
by saying that the function fix': is continuous at Xg. 
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the tangent line Pl\ at P [See Figs. 20.4(0 and 20.4(ii)]. Consequently mifq ajiproa- 
ches the slope m of the tangent line PP\ Thus m=f' (Vo). 



Hence the derivative at the point F of a curve is the slope of the tasif'cnt to t5ie 
curve at the point P. 

This IS the geometrical mean ng of the derivative at a point It provides us w th 

a melhod of finding the tangent to a cuive at any po nt on the cuive 

1 

It also piovide-s us wnh a me od f hnd ng the direction of a moving body at any 
point. f its (a v'lilincarj path We d fine h slope of te path or 'airve at any iisoimi liie 
ftai'f.(l'hhi” '.J that point, wh ch on be easily detennined '•imre il if, iht- 

value u ihiU loiiii 


EXERC SE 20.1 

1. Find the slope of the tangent o e ch of the following curves 
(/) 5=4,9(2 at t=l. 

(ji) 9'=2 x® at jc= -1 
(Hi) y~16—x- at a;=0 
(«>) l?=- 16 tHl 28 t at /= ' 
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2. Find the slope of the tangent to the curve 

3»=.x;’ 


atx= —1, \=--0 and1 

20.3 Applications of the Derivative : Tangents and Normals 

We have already seen 'hat if a curve is given by the equation .v-/ W where f [x 
has a derivative/'Wat every point, then the denvativ at a point ? of the curve is the 
slope of the tangent to the curve at the point P. Thus, it is simple to Slid the equation o 
the tangent at any point of the curve hy using the point-slope form. The tangents in a 
these cases have finite slopes and tlus are not parallel to y axis 

However, we come across cuives which have tangents parallel to y-ax.s at some 
point(s) [See Fig 20 5] 


4 



Fig. 20 5 

f (Xp-h A x)—f{Xn) Hops not anoroach a finite limit as Ax-='0. 
At such points, - 


The tangent line, in 


such cases, has the equa ion x 
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We now deftne the normal to a curve. We say that the normal line to a curve at a 
given point is the line perpendicular to the tangent line at that point. [See Fig. 20.6], 
We recall from Analytic Geometry that the slope of the normal line at a given point is 
the negative of the reciprocal of the slope of tangent line at that point. Thus, agaih we 
can use thfe point-slope form and determine the equation of the normal line at a given 
point. 



Fig 20 6 

We consider some examples. 

Example 1 : Find the equation of the tangent to 

at the point (4 ?) 

Solution ■ We are given that 

4x-}-2 


We have, 


^ =J*-4 

dx 


d\ _ a-=4 ] x^4 



TIIL pr<.t>6LEM: OI tanl.cn [5 


49 


Thus the slope of the tangent at (4. 2) is 4 Using the point-slope form, we have 
the equation of the tangent as 

v-2=4(.\-4) 

Oi, y~4\-(-14—0 

Hence, y—4-v4-14 ^0 is the equation of the tangent to the given curve at the point 

(4, 2 ) 

Example 2 ; Find the equation of the tangent line to 

which js parallel to the line 4v—y T3=0 

Solution ; We are given that 

y-.2v2-!-7 

We have -j— — 41: 

d\ 

Thus the slope of the tangent at a point (x,y) to y=2x^-\^7 is 4^ 

If this tangent is to be paiallel to 
4v--y-1-3=0, 

then the slope of the tangent must equal the slccpe of the line, which is 4 
Thus, 4.V = 4 

Whence, w = 1 

And, y ~ 2x-2-|-7j =9 

(x=l) 

Hence, at the point (1,9) on the curve. , 

y = 2x^+7, ' 

the tangent line will be parallel to the given line. 

It IS now easy to find the equation of this tangent We have 
y/-9=4(jc-l) 

Or, y—4x—5=0 

Thus, y—4x—5=0 is the equation of the required tangent line 
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Example 3 : Determine the points on the curve 
J'=x3-3x2—9x+7 

at which the tangents are parallel to the x-axis (i.e , the tangents arc horizontal). 

Solution : We are given that 

=xS—3x2—9x-h 7 
d.v 

We have = 3 .tc 2—6x—9 

I 

When a tangent is parallel to the x-axis, we recall that its slope is / i o. Thus 
3x2-6x—9=0 
Or, jc2—2x—3=0 

Or, (x+l)(x-3)=0 

Whence, x= —1,3 

Now, when x=-l, _i)=(-i)3_3 (_i) 2_9 

And, when x=3, y= —20 


curve 


Thus, (-1,12) and (3,-20) are the required points at which the tangeiiK to the 


3x2—9V-X.7 


are parallel to the x-axis 


Example 4 : Find the equation of the normal to 


y =-1x3 


it the point (4,16) 


Solution : We are given that 


1 


,=-^x3 


We have 

II 

And 

dy ~| _ 


dx J 


= -j-x-^ 


x=4 


x=4 
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Thus, the slope of the tangent at (4,16) is 12. What will, therefore, be the slope 
of the normal at (4.16) 7 We recall, it will be the negative reciprocal of the slope of the 

tangent at the given point. Thus, the slope of the normal at (4,16) will be - ^ . 

The equation of the normal at (4,16) is, therefore, 
v-16= —i (3C-4) 


Qj- 12y+^—196—0 

Hence, x+ I2y- 196=0 is the required eq lation of the normal 

Example 5 : Find an equation of the normal line to 
y = x3-f 2X-I-6 

which is parallel to the line 

14>'+x+4=0 


Solution : We are given that 

j;=jr®+2x+6 

We have ^ 

Thiis, the slope of the tangent at a point (x,;') to 

y=rx^+2x-|-6 

I 

,5 3 ^ 2+2 and hence, that of the normal at the point (x,j^) is 3 ^ 2 ^^ ' 

If this normal is to be parallel to 14;'+x+4—0, we have 

1 _L_ (Why ?) 

3x2+2 ■ 14 


Whence, 

3x2-1- 2=14 

Or, 

xa=4 

Hence, 

x=2, -2 

When x=2, 

3,=(2)='+2(2)+6=18 

When x=-2. 

v=t-2)^-t-2(-2)+6 
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Thus we have two normals, one at (2. 18) and the other at (-2,-6) which ar. 

parallel to the Riven line Let us find their equations. We have 

Or, 14 j,+;c_254=o 

And, ;R-(-6)=-j^(jc+2) 

Or, 14j, 4- 4 , 86^0 

Hence, 14>'+:i-—254=0 and 14j;-l-jc+86=0 are the required normals. 


EXERCISE 20.2 

Find the equation of the tangent to each of the following curves at the indicated 

point • 

1 . at (2, 6) 

2. y^lG-xa at (O’, 16) 

• 3 . 3' = -16xa+128x at (4,256) 

4. y~x'i-Ax~5 (—2,1) 

5. y=x^ at (-3, -27) 

6. Find the point(s)on the curve v^\2-4x+2 where the slope of the tangent is 10, 

7 Find the point(s) on the curve where the slope of the tangent is 

8 . Determine the point(s) on the curve y^x^+1 at which the slope of the tangent 
is equal to the 

(a) -v-coordmate, 

(b) I'-coordmate. 

I 

9. Determine the po]nt(s) on the curve iii which the slope of the tangent 
IS equal to the 

(u) V —coordinate, 

(ii) J' —coordinate 

10. Prove that no two tangent lines to the curve v--vS are parallel. 
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11. Prove that the x-axis is a tangent to the curve at the point (0, 0). 

12. Find the point of intersection of the tangents to the curve y=2x^ at the points 
(1.2) and (-1,2). 

13. Prove that the tangents to at :ic=l and .x: = —1 are parallel. 

14. Find the equation of the tangent line to the curve 16 which is 

parallel to the line 6x~2y—3=0 

15. Find the point on the curve y=2x^—3x+S at which the tangent makes 
an angle of 45° with the positive direction of the JC-axis. 

[Hint; Slope of the tangent=tan 45“] 

Find the equation of the normal to each of the following curves at the indicated 
point : 

16. y=x^+2x+\ at (2, 9) 

17. at (2, 2) 

18. j>i=—at (—1, —1) 

19. > 1 = 5 —6ji:— at (0, 5) 

20 y=2x^—x^+3 at(l, 4) 

21 pind equations of the normal lines to the curve which are parallel 

to the line 9>+x=4. 

22. Prove that the equation of the normal to jc“=4a>' at the point (2o, a) is 
X j-y=3a 

23. Find the point on the curve y=2x^—6x~A at which the tangent is parallel 
to the :JC-axis. 

24. Determine the point of the curve >'=3x^—5 at which the tangent is perpendi¬ 
cular to a line whose slope is — , 

25 Find the equation of the normal to the curve 

x^-\-2y=^x—l 


at the point (6, 5). 
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20.4 Key Concepts 


1 1 

Secant ' 

Derivative as a slope 

Tangent or tangent line 

Equation of the tangent or 
tangent line 

Point of contact or tangency 

Equation of the normal or 
normal line 

Slope of the tangent 



2(1.5 Suggestions for Further Reading 

Au excellent discussion of the 'problem of tangents is gim in [/] and [2], 
Section IS 7. 

The leader IS also referred to 

[1] Louis Leitliold: The Calculus Book: A First Course with Applications and 

Theory. 


Harper and Row, Publishers, Inc. New York (U.S.A.). 1971. 




UNIT XXI 


DERIVATIVES OF PRODUCTS AND QUOTIENTS 
OF FUNCTIONS 


IVe learn how to find the derivatives of the product and quotient of two 
functions. The Quotient Rule is applied to find the derivatives of negative 
integral powers of x. We then study the method of finding the derivative of a 
composite function by the Chain Rule Finally, derivatives of implicit functions 
are studied and their application to determine the derivative of rational number 
powers of x are considered 


21.1 Introduction 


' We now learn the method of finding the derivative of the product and of the 
quotient of two functions. But first some terminology. 

Given a function f(x), the process of calculating its derivative/'!^) is called 
differentiation. Also, another name for the derivative of f{x) is the differentia] coefficient 
o^Xx). 

We will need two important properties of limits, whicli we state, without proof. 
Let/(jc)aiidg(jc) be given functions. If cis a real number and if Lim « ^ .gj Lim / s 
exist, then ’ x-»-c ^ 

0 ) 


<ii) 


Lim 

jc->c g(x:) 




provided 


[Note : For property (ii), the domain ofg may be R or some suitable subset of R] 
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21.2 Derivative of the Product of Two Functions 

Let/(A:) be the product of two functions g'CJf) and A(.x), i.e., 
f{x)=g{,x)h{x) 

We wish to find /’(x). We will use the delta method. We have 
f(ic-|-Ax)=g(x-l-Ax) /i(x+Ax) 

Thus, J(x+Ax}-f{x)=g{x+l\x) A(x+Ax)-g(x) /i(x) 

Dividing both sides by Ax, we get 

/(x+Ax)-/(x) ^ g(x+Ax) A(x+Ax)-g(x) h{x ) 

Ax Ax 


We want to find/'(x), Therefore, m (1), we need to take the limit, as Ax-i-O. 
Let us consider the expression in the R.H.S. of (1). 

A moment’s reflection will show that we must add and subtract ceitain term(s) to 
the numeraloi to express it as a combination of terms whose limits we already^ know. Let 
us add and subtract the term g(x +Ax) A(x). [We can, just as well, add or subtract the 
term g(x) /!(x-|- A We get 


/( x+Ax) -fix) ^ g(x+Ax) /i(x + Ax)-g(x+Ax) /i(x)+g(x-|-Ax) /j(x)—g(x) /i(x) 
Ax “ Ax ' 


i.e.. 


f(^+^ 2j~=s(x+Ax) j-g^ ^)- ^(x)_J ^2) 

Taking the limit as Ax^O, we get 


/' (x) = 


Lim 
Ax—>0 




-f-A l,x) 


g(x+Ax)-g(x-) 

Ax 


]} 


= Lim 

Ax->0 


[.(x+A.) (- ^ -<l-tf ) =j. W )] 


+ Lim 
Ax->0 


h (x) ^ 


g (x+Ax)-g (x) 
Ax 


)] 


= Lim „^v-lAv^Lim h (x+Ax)-/i (x) 
Ax->0 2'^X-hZ\XJ ^ ^- 


Ax-s -0 


-Ax 


, ^r^^Lim g(x+Ax)-g(x) 
+ " W Ax-^0 A^^ 


(Why?) 


(Why?) 
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Now how do we find Aa') ? Let us consider 

We have [ S + A vK-g (v) ] 

Lim Tg (v-LAA)-g(\) 1 

A'-^O L Aa- 

im r g (a -4- a a) g ( a) 1 Lirn f . "1 

,.,_oL -^Tv JawoL'^' J 


i.e,, 

Thus, 

Hence, 


“ Lim 

A 

= g' (A).O-O 

Liiti 

A 




A”>(,s‘«+‘i’‘>-Ax-*oS«“eW 


f' (x) - g (x) h' (x)T h (x) g' (x) 


(Why 




We, therefore, see that the derivative of the product of two functions is first 
[unction times the derivative of the second plus second function times the derivative of (he 
first. We call this the Product Rule of differentiation ' 


'We state this important rule as a Theorem 

Theorem 6 : (Product Rule) If 
f (x) = g (x) h (x), 

then f' (x) = g (x) h' (x)-hh (x) g (x) 

It is often convenient to denote the derivative of a function f(x) by D< [ f(x)] ti 
D[f(x)] Using this notation, we vviile the Product Rule as 
r(x)=g(x) D[h(x)]+h(x) D[g(x)] 

We consider some examples. 

Example 1 . Find the derivative of 

f{x) =—3 +4)(4x‘’+—1) 

Solution We will use the Product Rule. We have 

/■'(A')=-(A:3-3xa+4)Z7(4A'HJA'2-l)+(4-cH a 2-l)i)(x3-3xZ-r4) 

Thus, r(x)=(x3-3x2+4)C20x4+2x)+(4x5H- -l)(3x2-6 a) 

= (20x7 _ 60x6-1-82x4- 6x3-|-8x) 

-I- (12x’ - 24x“+3x4- 6 .x3 _ 3^2 -f- ex) 
le., /''(x)=32x7-84x«+85x4-12x3-3x2-1-14x 



58 


MATHEMATICS 


Example 2 Differentiale 

fix)=0x^+2)^ 

SoIutioD : We write f{x) as product of two functions and use the Product Rule. 
We have 

f(x)=0x2-h2)0xH2) 

Thus, y’',(x)=(3x2T|- 2)i)(3x2+2)+(3x2+ 2)2)(3xa+2) 

=(3x2+2)(6x)+(3x2+2)(6x) 

= 12x(3x2+2) 

Hence, f(x)='iex^-\-lAx 

[Note ' Later we shall learn an ijnpOTtant theorem ito be able to differentiate such 
functions without writing them as products and using the Product Rule.] 

Exampte 3; It is easy to extend the Product Rule to the product of more than two 
functions. For instance, if/(x) is the product of three functions u(x), v (x) and wlx), i e., 

If f(x)==u(x)v(x)w(x) 

then, f’(x)=u(x)v(x)w'(x)-t-u(x)v'(x)w(x)+u'(x)v(x)w(x) 

Using the D-notation for the derivative, we write 
f(*)=u(x)v(x)D[w(x)]+u(x)w(x)D[v(x)]+v(x)w(x)Dlu(x)] 

Find the derivative of 

/(x)=(xa+2)(x»- 3.x2+ 4)(x« -1) 

Solution : We are given 

/(jc)=(x2+2)(.x3-3a2+4)(x4- 1) 

Thus, /•(^)=(Jc2+2)(x3-3xZ + 4)D(.v‘‘-1) 

+(x2+2)(x4-l) Z)(x»-3x2+4) 

+ (x®-3x2+4)(x 4- l)/)(x2+2) 

=(x2+2)(x3-3x2+4)(4x»)+(x2+2)(x4- l)(3xZ - 6x) 

+ (x3-3x2+ 4)(x4- l)(2.x) 

=(4x*-12x7+8x«-8x5+32x3) + (3x8—6x7+6x»— 12x5-3x4 
+6x3-6x2+12x)+(2x®—6x7+8xB-2x4+6x3-8.y) 

I e , /^'(x)=9x*—24x’-M4x5 —12x6—5 t4+44.v3—6x3+4.x 
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EXERCISE 21.1 

1. Prove that if 

/(jc)=m(x)v(:)c)u<x), 

then /'(3:)=«(jc)v(A:)H''C>:)+«(Jt)v'(ji:)w(x)+u'(jc)v(x)M<x) 

Find the derivative of each of the following : 

2. fix)={x+l)i2x-9). 

3. )(2xHl) 

4. F(x) =x2(2x2+3x+8) 

5. G(x)=(V2x3+x5)(VTjc24.4^®) 

6 . f{x)=iax^—b){cx^^d) 

7. /■(x)=(x2+2)2 

8. J=(x+1)3 

9. ^(x)=x(x—3)(x2+x) 

10. gW=(-|-*2+iy(x+2) 

•11. G(x)=(x4-l)(5x3+6x) 


21.3 Derivative of the Quotient of Two Functions 

Before we find the derivative of the quolicni ol two fund ions, wi-will Icam how 
to find the derivative of the reciprocal of a function. Wcprovcllic rullowing important 
theorem: 

Theorem 7 : If h(x)9^=0 aqd if > 


then, 


/■(x)- 


h’(x) 

lh(x)|2 


Proof : We arc given that 


m 


Thus, 

And, 

he., 




f{x+d.x)-J{x)= 


h{x)—h{x I / \) 
A(j^+Ax)h( V) 


( 1 ) 



GO 


MA PHKMaIICS 


Dividing both sides of (1) by A y, we get 

/(j:+ Ax) -Ax) h{x)-h{x+Ax) 
Av /i(jc+AJ^)M-^)(A-' c) 

Again we want to find f (x). We, therefore, write (2) as 


fi'c-\-Ax)-f(x) 

AX 


1 r h{x+ Ax) -h{x) ^ r _1 


h{x) L 


A-v j L^('^+A:>c)J 


Talcing omit in (3) as A-c -'-O, we get 


,,,,_i__ Lira r_A(x+A*)—M.vn r_i 

h(x) A-X'-'"0[_ “ aV JLm^+ 


/i(:>c+Ajc)] 


Lira 


h(x+Ax)—h{x) 

Ax 


I e 




li^Ax-^oL 'H-v+Av) J 

1 


/i(\-) 


Lira fe(Jc+A-x)—^i(jc) -| 

Ax-i-0 Ax 


L A-wO A.V) 


But we have already seen in the proof of Theorem 6, that 

li(x+Ax)=Kx) 


t.e,. 


Thus /'(x)=--=- 
/'U-)=- 


1 h\x) 
h{x) A;x) 

h'{x) 


[h{x)]S 


( 2 ) 


0 ) 


which proves the theorem. 

We can now find the derivative of quotient of two functions. We have the 
following important theorem: 

Theorems: If h(x)^0 and if f(x)=-5~ 

h(x) 


then 

Proof : .We write 


ftwl- faWg' (x)-g(x)h'(x) 

”~ThWP 


,(x)=,K*l [-j^] 
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and use the Product Rule and Theorem 7 to find/'(jt). We have 


which proves the theorem. 


w]+'5^ "KrWl 

( [»(i)i>' )+‘5(J5' *'<*' 

_ ~ 8(x)h‘ ix)+h{x)g'ix) 

[ A (^)12 

i^)-six)h’ (x) 


Using the i)-notation, we write 


^ 1 = (e(x)3 - g(x) u [ ti(x)] 

[h(x)12 


Or, 


f'(x) = 


DenomxD [Nmitj—NnmXD [Denorni] 
[Denosn]2 


where, m the second expression, Denom and Num are abbreviations for denominator and 
and numerator respectively. We call this the Quotient Rule of differentiation. 


I e„ 


We now consider some examples. 
Example 1 : Differentiate 


A(.v) = 


1 


Solution : We are given that 

/(•■<)= J3y_i) 

Using Theorem 7, we have 

i)[(3x-l)K 3 


(3x-l)2 


[( 3 x-I )]2 
Example 2 : Find the derivative of 

Solution : We use the Quotient Rule to find the derivative. We have 
,, , (X 2 +I)g[x+ 1 ]-(JC+ 1 ) i>[x 2 +Il 

J (X)-(x 2 + l >2 

U 2 -fl)(l)-ix+l)( 2 x)' 

- (x2+1)2 

—x 2 — 2 x+l 

I (-X)- f;f2+l)2 
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21.4 Derivative of f (x)=x’“ (x?tO) when —n is a negative integer 
Since x'“=, we can use Theorem 7 or the Quotient Rule to find the deri¬ 
vative of We have 

/W= V 

Thus,. f'{^)= —pjHp— 

— 

i.e, = 

f 

We thus have the foUowihg theorem. 

Theorem 9 : If —n is a negative integer and if f (x)=x“” (xt^O), 
then f’(x)=-nx'n'^ (X9i^0) 

In the examples and exercises that follow, we leave it to the reader to specify the 
domains of functions. 

We consider some examples. 

Example 1: Find the derivative of 

/(x)= 

Solution ; We have 

/(x)=^=2x-'> 

Thus, /■'(x)=2(-5x-«-i) 

= -10x-6 
ru ^ —10 

* f (^) 


Example 2 : Differentiate 
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Solution : We have 




2 

JC2 


X 


Thus, 


Hence, 


dy 

dx 





-- X)Cx3) -f D(2.v-2)- D(x-') 
-3x2—4x:-3-f.T-2 


dx 


= 3x2- 


A J_ 

X3 ■*' X2 


(Why ?) 


EXERCISE 11.2 
Find the derivative of each, of the following . 


1. 

2 . 

3 

4 


f(x)= 

g(x)^ 


I 

-X+l 

x-l 


f(x)^x-f 

1 


5- 


x2+5x 

Ix^' 






X 

2^1 


7. ft(:,)=^_^^+5x-2+l0 


8. 

9. 

10 . 


4x'4 


8(.x)=- 

fix)= 


2x^—1 

2.X+3 

xfl+3x®-2xa+7 

X4 


11 . 




x2—L 


13. 


C^±2K3£z:A) 

^ ^ ^ ‘ 2x+5 



64 


MATHEMATICS 


13. 


IS, y= 


16, /(v)= 


x(x2+3 ) 

x-1 

2a3H-a-2+5 


17 g(A-)= 


.\'-4 

I 


(x-a)[\-h){x-c) 


21.5 The Derivative of a Composite Function : The Chain Rule 

So fai we have learnt how to differentiate when, say, j' is given as a function of 
X. Cften, WE come acioss situations when >• is a function of, say, « and i/, in turn, is a 
function pf. say, For instance, we have the situation where 

>'=/(«)=2i(3 (I) 

and, ii=g(x)=3.v®—4.v2-j-7 (2) 


The equations (1) and (2) together define y as a function of .v. 

For, if we replace u in (I) by the right-hand side of (2), we get 
y= Kx) =/ [g W]=2[(3.v3 - 4x2 7)3] 


We say y is a function of a function or that y is a composite function 

[The reader has already encountered a composite function in Example 2, Section 
21 2. We differentiated it by using the Product Rqle ] 

We now state and prove a theoiem for finding the derivative of a composite 
function. 

Theorem 10 : If y is a function of u, de&ned by y=f(u), and if u is a function of 
X, defined by u=-g(x), then y is a function of x and 

dy dy du 
dx ~ du dx 

Proof : Since y=f («) and «=g(x), we have 

y^f [g(x)] 

dy 

We wish to find-j— We use the delta inetbod Wc have 
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y+A>'=/[ff(*:+AJc)] 

Thus, Ay=/'[£'(v+AA')] /'[;f(-v)] 

Dividing both sides by 'A^i-, vve have 

Aj' ^ /‘[g(.>. + A-x')]-/'[gtv:)l 

/\x 

In (1), taking the limit as Ax —0, we gel 

dy_ Lini f / [g{.\ + A v)] - /■ [g(v)l 1 

dt -- A.v->0[ Ax' J 

How shall we find the limit in the R.F<-S. of (2) ’’ We observe that since 
«+An=g(-x-+AA) 


Substituting (3) in (2), we get 

dy Lim f f(u+Au)-f (u )' 

dx ~ Ax-yOl' Av 


Now we write* the expression m the brackets in R H S. of (4) as 

f ( 1 /+Ah)-/(») (Why?) We get 

Aw Ax 


iL_ 

Lim r 

/(«+Am)-/(«) 

Aw 1 


dx 

Ax-^0 |_ 

A« 

Ax J . 


dy 

L Lim 

f (ui-A«)—/(w) 

ir Lim 

Au] 

dx 

[_ Ax-^0 

Aw 

IL 

AxJ 


Now, from (3) as Ax-^^O, Aw—0- Thus (5) can be rewritten as 

dy r Lim /(«^-A«)-/(w)T Lmi g(A-+Ax)-g(x) 
Am JL Av-O Ax 


Since 


y==/(«), 


du 


■f\u) 


( 1 ) 

( 2 ) 


(3) 

(.4) 


(5) 


( 6 ) 


Also since u=g(x), 


*We tacitly assume that Au ^0 for sufficiently sntall Aa", since most of the functions that we conic 
across in this book will have this property 
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du , , . 

Thus (6) can be rewritten as 

ily dy du 

dx ~ du dx 

which pioves the theorem 

We often refer to Theorem 10 is the Chain Rule. 


We now apply Cham Rule to the example with which we started Section 21.5, 


We have 


'y=lu^ 

and u=3x»-4x2+7 

Thus, by the Chain Rule 

dv dy du 


dx 


Now, from (7), 


And. from (-8), 


Thus, 


I e., 


dx du 


du 


^9a- 2-8x 
dx 


-6uH9\^-U) 


dy 
dx 

^6(3 v='-4.v2+7)3(9xZ-8.x) 


We consider some examples 

Example^ : Given v—(3v2+2)2, find . 

[See also Example 2, Section 21.2] 

' Solution : We let >'=n2 where i/=3x2+2. 

Then, 


dy „ du ^ 

=2u and -j- =6x 
du dx 


Thus by the Chain Rule, we get 
dy dy 


du 


Tx ■ ^=M5^)^i2ux 


(7) 

( 8 ) 


(Wh> 
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■J=12M3.\2+2) 

Example 2 : Find ifv=--. ^4A2-f—^,\-|-9 ^ 
Solution ; We will use the Chain Rule We let 


5 

v=i<'“ where u=^\^ + ~\-\-9 

Then, and-^—8\-|- 

au ax 2 

Hence, =IOu“ (sx (4x2+yx+9 y(8^+.y) 

Example 3 ; Given f (x) = (.\2+ !)•* (3\-“- 5\)“, find re¬ 
solution ; Clearly f{x) is the product of two functions g'(x)=(.\^4 !)■’ and 
h(x)=(‘ix^~5x)‘^, Thus, we use the Product Rule and have 

f‘{x)Mx^+ J)3 D[(3a'2-5a.)2]4-(3.y2-5x) 2 D[(A2+.l)a] 

Now we can use the Chain Rule and get 

/'(Y)=(x2 + l)a[2(3x2-5x)(6x-5)]+(3x2- 3.\)!J[3 (a 2+ l)2(2x)] 

Thus,' /'(A)-2(A24-l)3(3Ya-5x)(6x-5)+6Y(.T2+ l')2(3x2~5x)2 

=2(x2 +1 )2(3 x 2 - 5x) [(6x- 5)(x2 + n -f 3x( 3 x2 - 5x)l 
le., rW=2(x2+l)2(3Y2-5x)(15x3-20xa+6v-5) 

Example 4 : If find ^ 


Solution : 


We let where h= 


3x-l 

2xH-l 


Then, 


‘^=3m 2 and 

du 


du (2x-f 1)3—(3x—1)2 5 

dx^ (2x-1-1)2 ^(2x.-fl)2 


Thus, 


],e 


dy 2 0 

dx~ (2x+l)a 

I. (3^-0" 

tx ^^(2x-hl)^ 
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EXERCISE 21.3 

Use the Chain Rule to find the derivative of each of the following functions : 

1. /(A-) = (^+l)« 

2 . g{x)^{2-2xf 

3. A(>^)=(x3+2)4 

4 . /(x) = (x2+2-'<-ll)5 

5. ft(x)=(x-l)-3 

6. g(x)=(2x2+5x-3)^ 

7. /(x)=(3x2 + 2)3(5x-1)2 

8. .g(x)=(x2+3)4(x2-f5)2 
4-1 \2 


9. 


10. 

g(^)=( 

11. 

/w=i 

12. 


13. 

/(^)= 

14. 

y = 

IS. 



(2f2 + 5)2 
3 


2—x 


dy 


Find ^in each of the following 


16. 

1 

3 ; = _ V 

, v=—.\3-i-S 

17. 

3 —u 

4x 

^ 2-l-w ’ 

“ l_v2 

18. 

y=9v^ v=l — 

3 , 

T^“ 

19, 

If y={ax-\-b) ® 

(cx-j-t/)” where 


dx 
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20. A particle IS moving with a velocity, v= -J- (/2 + 5)2, Determine its accelera¬ 
tion at any instant t 


r 1 

Hint; Acceleration ^ 


21. A balloon, which always remains spherical, has a variable diameter 
-|-(2.x-t-3). Determine the rate of change of its volume with respect to x. 

Volume J 

21.6 Derivative of Implicit Functions ^ 

We have learrt how to differentiate tact,one, such as ^">^-5x+6, 

etc. We observe that, in the functions which we have encountered so ,f 

explicitly iw terms of x, i.e., we can write 

y=/(v-) where/(x)=x»-5x-l-6, etc 

But not all functions are defined explicitly. Consider, for instance, the equation 
2y^+x^+xyi-y=5 *' 

We observe that ,t Is not possible in (1) to solve “P'”® s“e 

exist one or more functions Aw) such that (1) ,s samBed when I» “» 

say y la deffned implicitly in 1.™ of n. ^ 

[The reader may recall the equat n know that 

ys.4uv. I„bo.h.hcsee,u«.^aeB eymp^^^^^^^ 

there are two functions y V funcuons y=-\/4o* andy=-V4«». 

equation of the circle, Sinnlafly, >"7= Observe that *>+y*-r> 

each Of which s.t,sfy implieity. Similar s.ate- 

represenls both the J’"/’' f “tZto / 

mL can be made with regard to the equation y-to.) 

A a rhf. aerivativc of y with respect to X when y is defined 
Let us see how we can find the derivative oi y w 

implicitly in terms of x. 

We consider (1). We have 

2y^+x^+xy^—y=^ 

when n is natural number and the Cham Rule and umpii«uy; 
respect to x. We get 
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i.e 


+y’-%=o 

It is now easy to solve (2) for We have 

ax 


( 2 ) 


dy 


Thus, 


M y 

— (6_[;2_|_2xj)—l)r= —(SjcZ-h ^2) 

dy _ 3 A 2 +y 2 ^ . 

dx 6y^+2xy—l ^'lvalues of x and y satisfying ( 1 ) and 

for which 6y^+2xy^l. 

We consider some examples. 

Example 1 : Find the derivative of y with respect to x, given the equation 

—6x2j/2^ 4j,3_ 2x2-f-5 j;=0 


obtain 


Solution. We differentiate both sides of the given equation with respect to x and 

-4xh[6x2 ^2y^^ +6y2(2.x)]+4(3ji2|.^_2(2x)H-5(^)=0 

Thus, ^ [12xa;^+12ya-(.5]=4;(;3_j2vj;2+4;r 
Whence, ^_. ^^'^^-l2xyS+4x 

dx 12x2ji4-12;j 24.5 *or all values of x and y satisfying the given 
equation and for which 12 x 2 ^+ 12 ^ 24 . 5 ^ 0 . 

Exatnple 2 : Given the equation 


{^H-y)2-y3 + (x-;;)2_;^3,^0, find 


dx ' 


Solution • We differentiate both sides with respect to x and get 


Thus, 


i.e. 


dy 


^ [2(x+y) - 2y2 ^ 2{x-y)] = 3^2 - 2(x -y) - 2(x+y) 


Whence; 


for and y^-y 


dy 

'ch ^ 4 t - 3 >' 0 = 3 x 2 _ 4 x 

y(3x-4) 
d.\ y(3y-4) 
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Example 3 : Find the equation of the nprmal Jine to the curve 2v’'H-1''= 10 at the 
point (1, 2). 

Solution We recall that the slope of the normal line at a point is the negative 
reciprocal of the slope of the tangent line at the given point Flow do we find the slope of 
the tangent line at a point ? We recall that it is the value of the deiivative (of >'with 
lespect to x) at that point. We, therefore, differentiate both sides of the given equation 
with respect to v We get 

6.x:2+3v2^=0 

Thus, ^ =-2^ for >'-7^0 

At the point (1, 2), the value of the derivative is 

^ y^J(i,2) 2 

Thus the slope of the tangent to the curve at the point (1, 2) is-whence the 

slope of the normal to the curve at the point (1, 2) will be +2 

We can now use the point-slope form and obtain the equation of the normal line 
at (1, 2) as 

y-2-2(x-l) 

Or, V~2v=0 

We now use the method of implicit differentiation to find the derivative of latioiial 
powers of v when v^O 


P_ 

21.7 Derivative of x (x > 0) 


when — is a rational number 
<1 


We let (1) 

Without any loss of generality, we can assume that q>0 Raising both sides of (1) to tj, 
we get 


We difterentiate both sides of (2) with respect to a We get 
q~l dy 


( 2 ) 
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dy p 


^ /-I 






Bui ^ Thus y‘^ ^ = X ^ ^X ^ 

Substituting this value of in the R.H S. of (3), wc have 


P xP ^ 
dx q p 

J'"T 


= — X q 

<1 ^ 


A_] 

dx q ^ 


We thus have the following important theorem 


Theorem 11 ■ if — jg « rational number and if 


y=x^ (x>0) 
^-1 

dx'q * 


'T ““J follow, we lea,e 

it to the reader to specify the domains of the functions 

Example 1 : Find the derivatives of each of the following 


(fl) y=x 


(6) y= 

V2x 


(c) y=x 


{d) y=x ^ 
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Solution : We use Theorem 11 which provides us with the rule for differentiating 
rational powers of -t. We have 


3 


(a) 

2 

y=x 

Thus, 

i__l ± 

-Ax 2 

dx 2 2 

(b) 

1 

1 1 2 

Thus, 

—1-1 

dy 1 / 1^2 
dx v^2 \ 2 

(^) 

K 

II 

Thus, 

^-1 

^-3 3 "" 

id) 

5 

~ 2 

>=x 

Thus, 


Example 1 : 

Differentiate 


/(je)=^2x«+JC*-x 


) 


I 

3 


1 

2 



7 


-Y 


with respect to x:. 

Solution: We have 


/(x)=(2x* + x2-x)^ ■ 

1 


X 
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L 

(2xHx2-jc) ^ (8x»+2jc-1) 


i.e 


/'W= 




%2x*+x^-x) 3 

Example 3 Find the derivative of 

J_ 

/(t)=(f2+t+5) ^ (lB + 1) 

with respect to t. 

Solution We use the Product Rule and have 

I 2 


3 


r(t)=(t^ + /+5) ^ Z)t[(i3+ I) ^ ] + (t3H-1) ^ Dt[(tH?+5) ^ ] 

J_ __1_ 

= (t2+/+5) ^ l^y (t»+l) ^ 

— _A 

+ «^ + l) ^ [y(tM-<+5) ^ i)(r2+t+5)] 

J_ 2 _ 

' =U2+f+5) ^ 1"^-!- 


I e 


3(^*+l) 3 
_ 6f2(ta+f+5)-|-(2t+l)(t^:^ 

~~ X X 

3(t' + l) 3 (I2+H-5) 3 
8l^+7l^+30t2+2t+l 

f {t)^ -y- j- 

3(f='+l) 3 (tH^+5) 3 
Example 4 : Find the derivative of 

V X — 1 


3(f®-ft+5)3 


h{x)= 


V^+1 



I 


( 1 ) 
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Solution : We use the Quotient Rule and get 

h‘(x)= V-^ D[V:c~ ] 

(1)" 

In (1), we need to find 1 ] and D["\Jx-\-\ ]. We use the Chain Rule and 

ihe rule for finding derivatives of rational powers of x and obtain, 

^^(x-1) ^ i)(x-l) 


Similarly, 




Substituting the values of these derivatives’ in (1), we get 


h'{xy. 




x+1 


1 


.1 


(a-+1)-(a-1) 

I'sfx—i Vx+l _ y/x—l 's/x-{-\ 


Thus, 


m- 


A-j~ 1 
I 


X-f 1 


l(x+l) ^ 

Example 5 : Given the equation 16, 

(a) Express y as two explicit functions of x, 

(h) Find the derivative of y with respect to x by differentiating the 
given equation implicitly and verify that'the derivative is the same as that obtained by 
differentiating either of the functions in (a) 

Solution : (a) We are given, x2+y^—16 
Thus, y2==]6-x2 


Whence, y=±V'l6—x® 
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(b) We (implicitly) dilTerentiate both sides of x^-\-y^=\6 
with respect to x _ We get 


^=0 


Thus, 


dx 


X 

y 


Now consider the function y—V J6—We use the Cham Rule and 

dv 

Theorem 11 to find We get 

dy ~x 


i.e 


dx~V 16-x2 
Substituting V 16—=y in (1), we get 

_* 

dx~ y 

which is the same derivative that we obtained by implicit differentiation. 

^We Ipave it as an exercise for the reader to show that if y= — V 16 — 


(I) 


EXERCISE 21.4 

Find the derivative ofy yvith respect to v in each of the following . 

1. .\:3+8.xy+j<-*=(54 

1 . .x6+ye+6^\-2_^2_16=o 

3. a .\-2+ Ihxy +^ -l igx -f- 2/>'+c=0 

*■ r+i6-' 

5. (A--3)2+(>■-5)2=9 

6. (2A-3y)3=3A3->-2 

7. Find the equation of the tangent to the curve 20.x^+>i4=36 at the point (1, 2). 
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I'S V'^ 

'J 8. Find the equation of the normal Ime to Ihc curve ^ 

(--3, 0), 

9. Detennine the equation of normal line to ths curve 
.xa+2.v2_4x-6y4-8=0 
at the points whose abscissa is 2. 

Find the derivative of each of the following with respect to v 
-i 

10. y ^ 

11 , y = .Y^ 


at the point 


4 4 

T 


12. 31 = Vx - - 7 - 

Vy 

]_ 

13. = (4y2+5)^ 

14 . f{x) — i^ax+h 

15. H(x)=(2 y 3- 5Y2+8)-^(Y'i+Y-1)2 

16. G(.y) =^5^94/1^4 

yi-Y 

17. y= 

y-Y+2 


.. (y5-2x+1)2 

IS- 3-- ^ 


21.8 Key Concepts 


Derivative of product of two func- 

Derivative of a composite function 

tions or Product Rule 

or Chain Rule 

Derivative of Quotient of two func- 

Derivative of Implicit Functions or 

tions or Quotient Rule 

Implicit Differentiation 

Derivative of negative integral 

Derivative of rational number powers 

powers of x 

of X 
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21.9 Suggestions for Further Reading 

The reader is referred to [2], Section 20.5 for afurthe- leading, at a slightly 
more rigorous level, of various theorems on dtffei entiation and their applications. 

A must for eveiy reader W the book by 

[1] R. Courant and F, John : Introduction to Calculus and Analysis, Volume 1. 
Inter-science Publishers, New York (U S A,). 1965. 



MISCELLANEOUS EXERCISE V 
(On units XVIII, XIX, XX, XXI) 


1. The distance .f, at tune t, of a particle moving in a straight line is given by 
the equation 

Find its speed at 10 seconds. 

2 In each of the following cases, find the instantaneous speed of an object 
moving according to the given law of motion. 


[ii] 

v and t have their usual meanings Find also the speed at /=3 

3 The number of bacteria in a certain culture, after l hours, is given by the 
equation 

/( t )-=0 5 fH 4 /+ 80 , 0 < / <12 
Determine the instantaneous rate of change of f(0 at t=5 


4. The Cost Function C(r), in rupees, of producing x items (.x:> 15) m a certain 
factory is given by 

C (.\-)=20+ 10^2 

Determine the Marginal Cost Function and the marginal cost of producing 100 
items. 

5. The Revenue Function ii(x), in rupees, of selling x items (a^O), of a certain 
manufacturing concern is 

R(.v)=21x--'^ 

Determine the Marginal Revenue Function and the marginal revenue of 
sellin.n 25 items, 
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6. The Profit Function -P(x), in rupees, of a certain firrn is given by 

^ = [l+x(2-^)] 

Find the Marginal Profit Function. 

Find the derived function of each of the following : 

7- /(X) = i ^7+ xs- ^ x3H-5 

8. g^x) = 5x8—6x3 +10 

9 . fix) = ^ ^ 5 +' 1 ^ 

10 . 

Find 4^ for each of the following 
ax 

11. y=^V X i+x+x3 ^ 

12. ><=(x2+3x+5)(x2-2)2 

3 

15 y^(l—2x2)3(l-x) 2 

16. y=x+ ^^:^+Vl00—x2 

17 y =X 1/9 — x 2 +(x+2) jc 

Find the derivative of each of the following 

18 S(0 =(3r+4)(:^i2_[_2j5,-) 

19 V(r) =r(l-/)(rtr 2 +,.) 

20- Q(r)= 

21. H(x) = .,3/;c2(x2 + 3) 

22 , F(x)=x+\/x 2 +g 
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du 


Use Chain Rule to find ^ for each of the followinB' 


23. i'=\—^ 

y— 1 -v 

24 + ~T=^ 

Vx 


Use Chain Rule to find ^ for each of the following 


25 y-al'^. 


!■= 


X 

2d 


26. y —2/-|-3t“, t—yj V 


dy ■ 

Find — in each of the following 


27. 

^2 ._ 


X —3_v 

28. 

Vx +Vji =5 

29. 

r^=3+x3 


X -|-J' 

30. 

-L-L-io=o 


X y 

31 

x®+j^— 3flx;/— ' 


Find the slope of the tangent to each'of the following curves at the indicated point 
^ 32 3'=8 x 2—3 at 

1 . 1 

I 33. X ^ -1; -2 at (1,1) 


134. 3x2+y3-»8=0 at (0,2) 

Find the equation of the tangent to each of the following curves at the indicated 

point. 

35. j'=3x*~5x+2 at x=2 

36. x2+ya=25 at (4,-3) 
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^ - 

37, jc^ + —2 at (1>0 

36 y-^ 

« 39 Given the curve «nd the pent at tvh.ch the eanBent hat 

its slope. 

p 40 Fmd the point ot intersection of the tangents to the curve 

16+25 

at the points (4, 0) and (0, 5). 

^ 41 Fmd the equation of the tangent line to the curve 
F=V5.v—3—2 
which IS 

(а) parallel to the line 2x-y+9=0 

(б) perpendicular to the line 5)'-l-2v'2 '3 

42 Determine the equation of the normal line to the curve 
at the point (—3, 2) 

■j- 43 Find the equation of the normal line to the curve 
at .x=l 

44. Find the equation of the normal line to the curve 

which makes an angle of 30“ with the positive direction of x-axis. 

^ 45. Determine the equation of the normal line(s) to the curve 
;^=4x 3—3x+5 

which ate paralleljo the line 9>’+x4-3=0. 



UNIT^XXII 


SIMULTANEOUS LINEAR INEQUATIONS-AN APBLICATION 

(An Introduction to Linear Programming) 


In this unit, we leain how to use the knowledge of simultaneous 
lineal equations and inequations to solve problems that arise in trade^ commerce, 
industry and military operations However, we consider only the simpler 
versions oj some real life problems from these fields. 


22.1 Recall 

You should review the following concepts from your earlier classes. In parti¬ 
cular, you should recall 

Linear inequations in two variables and their solutions 

Graph of the solutions or solution-set 

Simultaneous linear inequations and their solutions 

22.2 Introduction 

We will use our knowledge of simultaneous linear equations and inequations to 
solve problems that arise in trade, commerce, industry, military operations, etc, However, 
for the sake of simplicity, we will be constrained to consider only the simpler versions of 
some real life problems from these fields. 

Let us consider an example ; 

Example : A furniture dealer deals in only two items (simplified version of a 
real-life situation): tables and chairs. He has Rs 5000.00 to invest and a space to store 
at most 60 pieces. A table costs him Rs 250.00 and a chair Rs 50,00, He can sell a 
table at a profit of Rs 50.00 and a chair at a profit of Rs 15,00. 
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Assuming he can sell all the items that he buys, how should he invest his money in 
order that may maximize his profit 

In this example, we observe that there are two types of activities—the dealer can 
invest his money m purchasing tables or chaiis or combinations thereof Furlheimorc he 
would earn different piofits by following dilfeient investment strategies. 

Also, there are ceitain oveinding conditions or constraints, namely, his investment 
IS limited (to a maximum of Rs 5000 OOl 1 and so is his .storage space (to a maximum of 60 
pieces) 

Suppose, for instance, he chooses to buy .only tables but no chans With hiS 
capital of R.s 5000 00, he can buy 20 tables and then his lotal piofit will be Rs lOUOOO 
(Why") 

If, howevei, he chooses to buy only chairs but no tables, he can buy 100 chairs 
with Rs 5000 00 However, he can store only 60 pieces, Thcicfoie, he is forced to buy 
only 60 chairs which will give him a total piofit of Rs 900 00 only Of couisc, m this 
situation he does not invest the entiie capital 

Theie aie many other possibilities, for instance, he may choose to buy 10 tables, 
After buying 10 tables, he will be left with a capital of Rs 2500 00 with which he can buy 
50 chairs, This makes 60 pieces which are possible foi him to sloie fii thus case, his 
piofit would be Rs(10 50 -1-50x15}./? Rs 1250 00 

The number each of tables and chans is, thcieforc, a \ariable Each is necessarily 
non-negativc (Why") The piofit of the dealci is a function of boili these variables 
The dealer, of course, would like to invest in such a way .so as to maximize his piofit 

The above is a typical problem from among the clibs of problems, called 
optimization problems, that deal with the allocation of limited lesources, undci certain' 
overriding conditions or constiamts, to obtain the best possible oi optimal results jii meeting 
the given objectives 

22.3 Mathematical Formulation of the Problem 

Let us read the problem given in Section 22 2 again and formulate it mathemati¬ 
cally. We note that 

Maximum possible investment Rs 5000 00 

Maximuni storage space 60 pieces of furniture 

Cost of a 


table ' 
chair ; 


Rs 250 00 
Rs 50 00 
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Piofit on a 

table • Rs 50.00 

chair ■ Rs 15.00 

Let us denote by x, the number of tables and by y, the number of chairs that the 
dealer buys Of course, 

>0 ( 1 ) 

y > 0 ( 2 ) 

The dealer is constrained by the maximum amount he can invest and by the 
maximum number of pieces he can store Stated mathematically, 

250x+50y < 5000 


or, 5x+ y < 100 (3) 

and x-t- y ^ 60 ( 4 ) 

The deajer wants to invest in such a way so as to maximize his profit, say, P, 
which stated as a function of x and y is 

P=50x+J5y ' (5) 

Mathematically, therefore, the problem now reduces to 
Maximize P=50x+15y 

subject to the constraints 

5x+y < 100 


x+y < 60 ; 

X > 0 

/ 

and y ^ 0 

The method'oi maximizing (or minimizing) a linear function of several variables 
(called OBJECTIVE FUNCTION) subject to the condition that the variables are non¬ 
negative and satisfy a set of linear equations and/or inequations (called LINEAR CONS¬ 
TRAINTS) is given the name LINEAR PROGRAMMING. The t^rm linear implies 
that all the mathematical relations used in the problem are linear relations, while the term 
programming refers to the method of determining a particular programme or plan of 
action. The two together have the technical meaning stafed above. 


22.4 The Graphical*Method of'Solving Linear Programming Problems 

Let us refer to the problem given in Section 22.2 again and graph the constraint's 
stilted as inequations (1), (2), (3) and (4). [See Fig. 22.1] The shaded region consists of 

*hTe analytical itielhods of solving linear progranuniug problems are beyofld the scopc'of this book. 



86 


MATHEMATICS 


points in the intersection of all the closed (Why ’) half-planes (Why ?) represented by the 
foui constraints. Each point in this region represents a feasible choice open to the 



dealer for mvestihg in tables and chairs. The region, therefore, is called a feasible 
region"'. Every point of this region is called a feasible solution to the linear programming^ 
problem. ' 


'The interaction of a finite number of closed half-planes is called a polygonal convex set Fcasibk 
region is, therefore, always a convex polygon. 


p 

SIMULTANEOUS LINEAR INEQUATIONS - AN APPLICATION 

It IS a inattei of coitimonsense that the dealer would seek only that (those) feasible 
solution(s) which would maximize his profit, namely, the objective function stated as 
equation (5) What we could, therefore, do is make a table of P-values for dilfeient 
feasible choices and select the feasible solution(s) which yield maximum P. This, how¬ 
ever, v/oiild usually involve enormous and unnecessary calculations As an alternative, 
we use the graphical method to find the maximum(s) of the objective function. 



Nomber of tables 

Fig. 22.2: Isoproflt lines 


At first sight, the reader may be a bit puzzled as to how to graph the profit func¬ 
tion since it is not in the form of an equation. This, however, should cause no concern. 
All we need to do is to take an arbitrary point, preferably in the feasible region and deter- 
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,U 

mine P. For instance, let us take the point (3,0). P, therefore, is Rs 150 00 (Why?) 
It IS now easy to graph 

50jc-|-15y=150 

The graph, of course, is a straight line. Further, every point on this line yields a 
profit of Rs 150.00. No wonder, it is called an isoprofit line. (See Fig. 22.2). Similarly, 
we can draw other isoproflt lines with respect to other values of P obtained by taking 
different points. 



Fie 22 3 

The objective function, therefore, represents a set of parallel lines for different 
values of P. (Why ?). The line 150=50.T+15y is a member of this set. We observe 
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that the farther the line from the origin, the greater is the value of P. Commonsense 
dictates, we should continue to draw isoprofit lines to realize higher profits until the line 
is in a position where it has at least one point in common with the points in the set of 
feasible solutions and from which position if the line is moved further in the direction 
away from the origin, the line will not have any point in common with the points in the set 
of feasible solutions. The feasible solution(s) corresponding to this position of the line 
gives the maximum* value(s) of the function. (See Fig. 22.3) 

We observe from Fig. 22.3 that the desired position of the isoprofit line is obtained 
at the vertex** (10,50) of the region 

The optimal investmeni strategy for the dealer would be, therefore, to invest in 10 
tables and 50 chairs. Corresponding to this strategy, his profit would be maximum, 
namely, Rs 1250,00. (Why ‘^) 

22.5 Some Remarks on the Graphical Method of Solving Linear Programming Problems 

Remairk 1: Since^ the maximum (or minimum) occurs only at the bpundary 
point(s), we need to consider only those positions of the isoprofit line which pass through 
the corner(s) of the feasible region. 

Remark 2 : In case thp isoprofit line is. parallel to any of the boundary lines of 
the region, the maximum (or minimum) will occur only at the points of that boundary 
line. 

Rpmark 3 : I et us calculate the values of P at each of the vertices of the feasible 
region iiVthe Example of Section 22.2 and represent them in the table below : 

alues of P Corresponding to the Vertices of the 
Feasible Region 


Vertex of the Feasible 

Corresponding value of 

Region 

P {in rupees) 

(0,0) 

0.00 

(0, 60) 

900,00 

(IQ, 50) 

llSO.OO-i-Maxiraum 

(20v0) 

ipoo.oo 


'The Fundamental Extreme Point Theorem assures us that the maximum (or minimum) of the 
objective function will occur only at the boundary point (s). 

I 

"■•A vertex or comer is the point of intersection'of two or more boundary lines. 
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We observe that the maximum profit to the dealer results fiom the investment 
strategy (10,50). 

22.6 Some More Examples on Linear Programming 

Example I : A dietician wishes to mix two types of foods ui such a way that the 
vitamin contents of the mixture contain at least 8 units of vitamin A and 10 units 
of vitamin C Food ‘1’ contains 2 units/kg of vitamin A and 1 unit/kg of vitamin C 
while food ‘2’ contains 1 unit/kg of vitamin A and 2 units/kg of vitamin C. It costs 
Rs 5-00 per kg to purchase food ‘1’ and Rs 7 00 per kg to purchase food ‘2’ Determine 
the minimum cost of such a mixture. 

Solution • Let the dietician mix x kg of food ' 1’ and y kg of food ‘2’ Clearly, 


X > 0 (i) 

y>0 ( 2 ) 

Since''the mixture must contain at leasts units of vitamin A and 10 units of 
vitamin C, we have the constraints 

2x+y ^ & (3) 

and x+2y >10 (4) 

The objective function or the cost C of the mixture is 

C = 5^+7y (5) 


Mathematically, therefore, the problem reduces to minimizing (5) subject to the 
constraints (1), (2), (3) and (4). As before, we will attempt a graphical solution of this 
problepi. Let us refer to Fig. 22.4 

The feasible region is the shaded region in the figure. (0, 8), (2, 4) and (10, 0) are 
its cornersT (Why?)* For different values of C, we will obtain a set of parallel lines 
Of course, each line, in this case, would be an Isocost line. We observe that the nearer the 
line to the origin, the smaller is the value of C. We need to concern ourselves with only 
those positions of the isocost line which pass through the corners of the feasible region. 
The desired position of the isocost line is obtained at the vertex (2, 4) of^he region. 

The optimal mixing strategy for the dietician would be, therefore, to mix 2 kg of 
food ‘r and 4 kg of food ‘2’ Correspondiog to this strategy, his cost would be minimum, 
namely, Rs 38.00 (Why ?) 

*(0, B)and (10, 0) are obvious- (2, 4) is the point of intersection of the two boundary lines 
2i:+j'=8 and x+2y=10. The reader is advised to verify for himself by solving the two equations 
simultaneously. 
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Example 2 : A manufacturer produces nuts and bolts for industrial machinery. 
It takes 1 hour of work on machine A and 3 hours on machine B to produce a package of 
nuts while it takes 3 hours on machine A and 1 hour on machine B to produce a package 
of bolts. He earns a profit of Rs 2.50 per package on nuts and Re 1.00" per package on 
bolts. How many packages of each should he produce each day so as to maximize his 
profit, if he operates his machines for at the most 12 hours a day 7 

Solution : Let the manufacturer produce x packages of nuts and y packages of 
bolts each day. Clearly, 

-V > 0 (1) 

y,> 0 (2) 

Since the machines can operate for at most 12 hours a day, we have the constraints 
corresponding to machines A and B, respectively, as 
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X + 3j><12 (3) 

and < 12 (4) 

The objective function or the profit, P, is 

P^2.5 x+y (5) 

Mathematically, therefore, the problem reduces to maximizing (5) subject ttrthe 
constraints (1), (2), (3) and (4). Let us refer to Fig. 22 5. 

The feasible region is the shaded region in the figure. (0, 0), (0, 4), (3, 3) and (4,0) 
are its corners. For different values of P, we obtain a set of parallel jsoprofit lines. If 
we confine ourselves to only those positions of the isoprofit line which pass through the■ 





MMOLTANtOUS LINEAR iNEaUA’I’IONS-AN APPLICATION 93 

corners of the feasible region, vve observe that the isoprofit line through the vertex (3, 3) 
yields the maximum proht ^ 

The optimal production-strategy for the manufacturer would be, therefore, to 
manufacture 3 packages each ol nuts and bolls daily Conespondrng to this strategy his 
profit would be maximum, namely, Rs 10.50 (Why ?) 

*Example 3 : (Transportation Problem—A Simjililieil Version) 

There is a factory located at each of the two places P and Q Fiom the.se loca¬ 
tions, a certain commodity is dchvcied to each of the thicc depots situated ai .1, B and C 
The weekly requirements of the depots arc, lespectivcly, 5, 5 and 4 units of the commodity 
while the production capacity of the factoiics at P and C? are, i cspectivcly, .S and 6 units. 
The cost of transportation pei unit is given below 


To 

Co\r 

(ill rupeci) 

F\ oin 

A 

B 

c 

P 

16 

10 

15 

Q 

10 

1 

12 

10 

1 


How many units should be tiansportcd fiom each factoiy to each depot in order 
that the transportation cost is minimum ? 

Solution ' Let a and y units be transported from the factoiy at P to the depots at 
A and B, re.spective[y. Then (8 —a— y) units will be transported from the factory at P to 
the depot at C. (Why ?) Clearly 



A- > 0 

CD 


T > 0 

(2) 

and 

8—A—y > 0 

(3) 

The weekly 

requirement of the depot at /4 is 5 units of the commodity. 

Since A 


units are transported from- the factory, at P, the remaining (5—x) units need to be trans¬ 
ported from the factory at Q. Obviously 

( 4 ) 


(5-x) > 0 
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SMiIarly, (5—>■) and [4—( 8 —jc— y)] units need to be transported from the factory 
at Q to the depots at jB and C respectively. Also 

(5-y) > 0 (5> 

"and [4—( 8 —> 0 

ie,, (x+y-4) > 0 6 ) 

The objective function or the transportation cost T is 

r= 1 6 -t +10y4-] 5(8-x-y)+10(5 - X)+12(5 - >»)+10(A:+y-4) 

Or, r=x-7y+190 (7) 



22.6 

Mathematically, th^erefore, the problem reduces to minimizing (7^ subject to the constraints 
(l)j (2), (3), (4), (5) and ( 6)1 Let us refer to Fig. 22.6. 

(0, 4), (0, 5), (3, 5), (5, 3), (5, 0) and (4, 0) are the comers of the feasible region 
For different values of T, we' obtain a set’'of parallel isocost lines. Again, confinir 
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ourselves to only those positions of the isocost line which pass through the corners of the 
feasible region, we observe that the' isocost line through the vertex (0, 5) yields the 
minimum cost 

The optimal transportation strategy would be, therefore, to deliver 0, 5 and 3 units 
from the factory at P and 5, 0 and 1 units from the factory at Q to the depots at A, B 
and C, respectively. Corresponding to this strategy, the transportation cost would be 
minimum, namely, Rs 155.00 (Why ■>) 

[The reader is advised to construct a table of values of T corresponding to each 
vertex of the feasible region and verify, as in Remark 3, Section 22.5.] 


EXERCISE 22.1 

1. A dealer wishes to puichase a number of fans and sewing machines. He 
has only Rs 5760 00 to invest and has space for at most 20 items. A fan 
costs him Rs 360.00 and a sewing machine Rs 240.00 His expectation is 
that he can sell a fan at a profit of Rs 22.00 and a sewing machine at a profit 
of Rs 18.00 

Assuming he can sell all the items that he can buy, how should he invest 
his money in order to maximize his profit ? 

2. Maximize /’=3x+4y subject to the constraints 

X > 0 

y>^ 

and x+y < 4 

3. Minimize C=3X+y subject to the costraints 

X > 0 

y>^ 

:+y < 2 , 

and y+4x < 5 

*4. A manufacturer has 3 machines installed in his factory. Machines I and 
II are capable of being operated for at most 12 hours whereas machine 
in must operate at least 5 ^hours a (fay. He produces only two items, 
each requiring the use of the three machines. The number of hours 
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required for producing 1 unit each of thfc items on the three machines is given in 
the following table ; 


Item 

Number of hours required by the 
machine 

I 

ri 

III 

A 

1 

2 

1 

B _ 

2 

1 

5 




_4 


He makes a profit of Rs 6 OO on item A and Rs 4 00 on item B. Assuming he can 
sell all that he produces, how many of each item should he produce so as to maxi¬ 
mize his profit ? Determine his maximum profit 

5. Two tailors A and B earn Rs 15.00 and Rs 20.00 per day respectively. A can 
stitch 6 shirts and 4 pants while B can stitch 10 shirts and 4 pants per day How 
many days shall each work if it is desired to produce (at least) 60 shirLs and 32 
pants at a minimum labour cost ? 

6. A factory manufactures, 2 types of screws, A and B, each type requiring the use of 
two machines—an automatic and a hand-operated. It takes 4 mmutes on the 
aiitomatic^d, 6 minutes on the hand-operated machine to manufacture a package 
of screws 'A', while it takes 6 minutes on the automatic and 3 minutes on the hand- 
operated machine ^o manufacture a package of screws ‘B' Each machine is avail¬ 
able for at most 4 hours on any day. The manufacturer can sell a package of 
screws ‘A" at a profit of 70 p and screws ‘B’ at a profit of Re 1.00. 

Assuming he can sell all the screws he can manufacture, how many packages of 
each type should the factory owner produce in a day, in order to maximize his 
profit ? Determine the tnaximum profit. 

7. A cottage industry manufactures pedestal lamps and wooden shades, each requiring 
the use of a grinding/cuttmg machine and a sprayer. It takes ,2 hours on the 
grinding/cutting machine and 3 hours on the sprayer to manufacture a pedestal 
lamp while IS takes 1 hour on the grinding/cutting machine , aild 2 hours on the 
sprayer to manufacture a shade. On any day, the sprayer is available for at most 
20 hours and the grinding/cutting machine for at most 12 hours. T^ie profit from 
the sale of a lamp is Rs 5.00 and of a shade is Rs 3 QO 

Assuming that' the manufacturer can sell all the lamps and shades that he produces, 
how should he schedule his dailj' production in order to maximize his.profit ? 
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*8 Two godowns A and B have a gram-storage capacity of 100 quintals and 50 
quintals, respectively They supply to 3 ration shops D, E and F whose require¬ 
ments are 60, 50 and 40 quintals, respectively. The costs of transportation pci*' 
quintal from the godowns to the shops are given in the following table. 



Transportation costs per quintal 
(m rupees) 


From 

To 

A 

B 

D 


4.00 

E 

3 00 

2 00 

F 

2.50 

3 00 


How should the supplies be transported in ordei that the transportation cost is 
minimum 

*9 An oil company has two depots, A and J?, with capacities of 7000 litres and 4000 
litres, respectively. The company is to supply oil to three petfol pumps, D, E and 
J^'tyhose requnements are 4500, 3000 and 3500 litres, respectively. The distance 
(in km) l^etwcen the, depots and'^the ^(rol pumps is given in the following table. 


Assuming that the transportation cost/km is 1 paisa per litre, how should the deli¬ 
very be scheduled in order that the transportation cost is minimum 7 

22.7 Historically Speaking 

The reader must have realized by now that tne mathematical formulation of the 
linear programming problems invariably leads to a system of linear equations/inequations 



Distance 
(in km) 


From 

To 

A 

B 

D 

7 

3 

E 

6 

4 

F 

3 

2 
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and polygonal convex sets The theory of linear inequalities and convex sets has developed 
extensively in the past hundred years. However, the field of linea^programming problems 
IS fairly recent m its origin. 

The first problem in linear programming was formulated in 1941 by the Russian 
mathematician L. Kantorovich and the American economist F.L. Hitchcock, both of whom 
worked at it independently of each other This is the well-known transportation problem. 
In 1945, an English economist, G. Stigicr, described yet another linear programming prob¬ 
lem—that of determining an optimal diet 

Id the Second World War, when the war operations had to be planned to econo¬ 
mize on expenditure, minimize losse.s and maximize damage to the enemy, linear program¬ 
ming problems came to the forefront However, they remained Top-secret until after the 
war, when in 1947, an American economist, G.B. Dantzig published a paper m the famous 
journal Ecofiowetifcfl wherein he formulated the general linear programming pioblem 
George Dantzig is also credited with using the term "Linear Programming' and foi the 
solution of the problem by analytical methods 

Linear programming is now widely used in planning economic activity and is an 
accepted tool in the foimulation of national plans 

For his work on these problems, tiic Russian mathematician. L. KanloroMcli. was 
awarded Nobel Prize foi Economics, in the year 1974, togethci with another famous 
(American) mathematical-economist, T.C. Koopinans 


22.8 Key Concepts 


Objective function 

Polygonal convex set 

Lineal consliamt,s 

Convex polygon 

Feasible region 

The riindamenlal Extieine 


Poini Thcoiem 

Feasible solution(s) 

Tianspoilaiion piobLm 


22.9 Suggestions for Further Rending 

For au'cxcellent intiocluciion io m^quaHtiei, r/?e reac/ei is lejerred lo the paper 

hack 

[I] Edwin Beckenbach and Richaid Bellman An Inlroiluctioii to Inequalities. 
The L.W Singer Company. Neu Yoik (U S A j I9(il 

i'l dehghtjul hook for the beginrwis in Linear Frogaimiing is 
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[2] N Paul Loomba . Linear Programming-An Introductory Analysis. 

Mcgraw Hill Book Company, New York. 1964. 

A somewhat advanced treatment on Linear Programming is found in 

[3] G Hadley : Linear Programming 

1 

Addison Wesley Publishing Company, Inc., Massachusetts (U.S.A.). 1962 

For an introduction to analytical tools for studying linear programming 
problems, the reader is icferred to 

[4] F.A. Ficken ; The Simplex Method of Linear Programming. 

Holt. Rinehart and Winston, New York (U.S A ). 1967 

A reference for the serious student of Linear Programming is 
|5] Dantzig, G.B.: Linear Programming. 

Princeton University Press, New Jersey (U S.A.) 1963. 



UNIT xxni 


ARITHMETICAL DESCRIPTORS OF DATA 


Weleanihow to Jim} the mean, median, mode, standaid deviation and 
variance of the grouped data 


23.1 Recall 

You should review the following concepts from your earlier classes. In particular, 
you should recall, 

Methods of collection of data—primary and secondary data 
Raw or uagrouped data 

Grouped data and frequency distnbutions—classes, class-interval or clasi-size, 
lower and upper limits of a class, tally marks, class frequency and class- 
mark. 

Cumulative frequency distributions—cumulative frequency 

(Graphical representation of data—bar charts, histograms, frequency polygons, 
cumulative frequency graphs or ogives, pic charts and pictographs. 

Mean of raw data, M or v 
Mean of grouped data, Mg or y 

We also recall that Statistics is the science which enables us to draw representative 
samples, analyze the data collected, interpret them and make inferences about the 
papulations. 

23.2 Retrospect 

We must point out that we have not and shall' not concern ourselves with the 
techniques of drawing representative samples. Although ‘proper’ sampling is very much 
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the concern of a statistician, the study of the techniques comprises, in itself, a branch of 
Statistics called the Theory of Sampling. If we weie to do any justice, we would need to 
devote a complete volume to the subject of sampling We will, therefore, .simply assume 
that the sample data that we study are from representative sample. 


Before we are able to draw inferences from the data, we must ‘know’ our data well 
When there are too many observations, we condense the data by grouping them into fi t - 
quency distributions to bring out some of their salient features We also repmsent lliem 
pictorially to make their salient features visually moie perceptive. We ‘describe’ tlicm 
arithmetically in that we calculate some (arithmetical) numbers to represent cerliun features 
of the data We have discussed only one arithmetical desciiptor so far, namely, the mean, 
although we did mention in passing about the median and the mode 


Mean of raw data is simple to calculate. If \j, X 2 , X 3 , . 
m recall that 


M(or'x) 


n 

2 X, 
1=1 


n 


, Xn arc the n ohservatioas, 


For calculating the mean of the grouped data, we first have to make an a,ssumption, 
namely, the frequencies in each class arc centered at its clasB-mark. Then, if y,’s denote the 
class-marks and f/s the class-frequencies, we have 


k 

^ fiiy z 

M, (orj)) - 

TVhere k is the number of classes and n the number of observations. We recall that 

k 

n=fi-|-f 2 + -|-fti,e., n=S 1 , 

1 = 1 

Of comse, if are large, this formula presents a problem We had, therefore, 
suggested an alternative formula for calculating the mean or what is commonly known as 
the deviation method of calculating the mean. Do you recall this method 

We let one of the class-marks be arbitrarily* designated as ‘a’ and' take deviations 

dj=yi-a. 


_ 1 

Then Mg (or y ) = a H— X 


’ Computations ate further simplified if ‘a’ is chosen somewhere near the middle. 
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We now give a mathemalical justificalion for this short-cut method. 

We have, 

Thus, /,<i, 


If we calculate (/,d,)’s for each class and sum, we get 


k k k 

s /;-d,= s 1 . 

i-.- 1 1=1 I -1 

Divide both sides of (1) by n We have 


H . 1 " r- 1 


( 1 ) 


( 2 ) 


1^ 

But ' s /,r, Me- Thus (2) becomes 


k 


M S l.d, 

23.3 Mean of the Grouped Data Again 

Vnce inmoslofthefiequcncydistiibulions that t.e shall be concern^wift, the 
classes arc equal, tte can fntthet slmplit, the ealcnlntinn .1 the n.e.n .f the data. 

Let us denote by c, the class-size. 

Nos. «e ... only take the de..at,on of each dass-ntatk from the arbararil, ekoW 
‘a\ but also divide each deviation by c Let 


ur 


y. « 


A\) 


Then 

If we calculate (,/,.0's for-cach class and sum over k classes, we 

sf,u,= fiy-i ~ 


( 2 ) 
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We divide both sides of (2) by n, We have 
n I fi nc ' 


Bill /,v,==Mb Thus (3) becomes 

II 


k 

M i All, 

II , 


(3) 


(4) 


If wc denolc by Mu, the mean of the h,'s fs 9 metimes, called the coded Jmean), 
(4) can be written as 

Ma’-n+cMn (5) 

Some authois lefer to this method as the step deviation method. 

Wc now considei some examples. 

I'Anmph' I: The weekly observations on Cost of Living Index in a certain city 
for the 3 ear 1970-71 arc given below ' 


Cor.t o f ’’i. 'ng hutOK 

Numbet of Weeks 

140-1 'v 

5 

15u-160 

10 , 

160-170 

20 

170-180 

9 

180 190 

6 

190-200 

2 

TOTAL 



Compute the average weekly Cost of Living Index 

[Also see Section 14.4 and 14.5 of Mathematics—A Text Book for Secondary 
Schools, Part 11, 2nd edn , 1978 ; National Council of Educational Research and Train¬ 
ing, New Delhi.] 

Solution : We note that 

k~6. n=S ft=52 and f==10 
fl =>> 3=165 


We let 
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We then make the following columnar calculations : 


Calculation of the Average Weekly Cost of Living Index 


Cost of Living Index 

Number of Weeks 

(h) 

3'. 

y,-165 

10 

' Lu, 

140-150 

5 

145 

-2 

-10 

150-160 

10 

155 

-1 

-10 

160-170 

20 

165 

0 

0 

170-180 

9 

175 

+ 1 

4- 9 

180-^90 

6 

185 

+2 

+ 12 

190-200 

2 

195 

+3 

+ 6 

TOTAL 

52 



+ 7 


1 ^ ^ 7 

T ^ 52 


Thus 

-165 + 10(^) 

= 166.3 (approx.) 

Hence, the average weekly Cost of Living Index is 166.3 (approx ). ■ 

Eitample 2 : The meltmg points in "F of 45 common chemical elements are given 
in the table below : _ 


Melting Point {in °F) 

Number of Common Chemical Elements 

-499-0 

10 

1-500 

8 

501-1000 

4 

1001-1500 

6 

1501-"2000 

5 

2001-2500 

2 

2501-3000 

4 . 

3001 and higher 

6 

TOTAL 

45 ‘ . 


Find the average melting point in 
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Solution : We note that there is one open-ended class, namely, 3001 and higher, 
iBlhe absence of any other information, we assume that the class interval ‘3001'and higher’ 
ij'3001-3500’. (Why ?) Then c=500 


Also, C ^'=^8 and n«=45 

We let a= 1750.5. The following columnar caltlulations are Sore to. determine Mg 


Calculation of the Average Melting Point in “F of 45 Common Chemical Elements 

(> 


Melting Point in “F 

n 



y,—1750.5 

f.Ui 


Ml — 

500 

-499-0 

10 

-249 5 


-4 

-40 

1-500 

3 

250.5 


-3 

-24 

501-1000 

4 

750 5 


-2 

- 8 

1001-1500 

6 

1250 5 


-1 

- 6 

1501-2000 

5 

1750.5 


0 

0 

2001—2500 

2 

2250.5 


-hi 

+ 2 

2501—3000 

4 

2750,5 


+ 2 

-1- 8 

3001—3500 

6 

3250 5 


+ 3 

+ 18 

TOTAL' 

45 




—50 

' Thus, 

\ 


-50 _ -10 





45 9 




Hence, 

Mg= 

a+cMa= 1750.5+500 ( 

'-10N 
^ 9 ) 



==1750.5-555 6 
= 1-194 9 (approx.) 


Therefore, the average melting point of 45 common chemical ■ elements is, 
ipproximately, 1194.9 °F. 


1^.4 Median and Mode 
13.4.1 iMedianofRaw ]n»*“ 

Median, we recall, is the value of the middlemost observation, when the data are 
ittiiiiged'ln ascending[ or descending order of magnitude. To calculate the media^ of raw 
hta, therefore, we go through the following steps ; 

Step 1: We arrange the data in increasing or decreasing order. 
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Step 2 : If n, the number of observations, is odd then median is the value of^ the 



th observation. 


If n, however, is even, the median is taken 


and 



th observations. 


as the average of tbr 


We consider some examples. 

Example 1 The marks, out of 50, of a certam class consisting of 15 students, m 
a class-test are given below 

18, 19, 25, 29, 24, 23, 32, 40, 19, 26, 22, 20. 18, 35, 21 


Find the median score. 

Solution We first arrange the mark.s in, say, ascending order. 

We have 

18, 18, 19, 19, 20, 21, 22, 23, 24, 25, 26. 29, 32, 35, 40 

Thus the median score is the value of ^ jth or 8th observation, The 

median score is, therefore, 23. 

[Note The median is not 8. It is the value of the 8th observation.] 

Example 2 The daily earnings (in Rs) of 20 workers m a certam factory are 
16, 8, 19, 7, 12, 6, 13, 14, 16, 17, 19, 5, 20, 9, 12, 10, 8, 11, 16, 13 
Find the median earning. 

Solution : We fiist arrange the wages, in say, ascending order. We have 
5, 6, 7, 8, 8, 9, 10, 11, 12, 12, 13, 13, 14, 16, 16, 16, 17, 19, 19, 20 


Since there is an even number of observations, we take the median as the average 

of the ^h and ^^ +1 jth, i e , lO'th and 11th observations. The value of the 10th 

observation is 12 and that of the 11th observation is 13 The median is, therefore, the 
average of these two observations, i e.. 


12-F13 

2 


= 12.50 


In other words, the median earning is Rs 12,50. 



■\Rn HME I'K \L OESCRIPTORS OP DATA 


23.4-2 Mode of Raw Data 

Mode, we roe,ill, is live value of the observation that, occurs most often. Jt is rather 
trivial lo lind inocie of law' data. We simply scan the observations and note which obser¬ 
vation iwciii'S most often Considei, lor instance, the example of daily eainings of 20 workers 
in a (.ei'iain lactory [See Example 2, Section 23 4 1], The daily earnings (in Rs) are 
16, 8, 10, 7 12. 0 13, 14, 16, 17, |9, 5 20 9 !2, 10 8. II, 16, 13 

Wc observe that 16 occuis most often We say that the modfll earning or mode 

is Rs 16 

It IS possible t'' ' r e nioic than one mode ConsiJei for msf.ince, the example 
of the marks out of ?0 o1 is students m a certain class-test [See Example I. Section 
23 4 1] The marks are 

18, I9,2.S. 29, 24, 23 32 40. 19, 26, 22. 20, 18 35, 21 
We ohsei ve that both the observations 18 and 19, occur most often We say 
theie '.lie two modal marks «i modes namely, 18 and 19 

What il each uhscrvntion occurs only once or equally often We say that the 
data have no mode. 

13.4.3 Median of Grouped Data 

Wc now learn how to lind the median of grouped data. Let us consider an 
example 


Example 3 . Following is the distribution of rents in a certain city for a 2-room 
set, based on a sample of size 100 


Rent 

Numhei ol 2-Room Sets 

Cumulative Frequency 

(in Rs) 

a,) 

{c f.) 


150-175 

10 

10 


17.5—200 

13 

23 


200-225 

17 

40 1 


225-250- 

Median Class IS 

55'} 

■' 2 

250-275 

16 

71 


275—300 

10 

HI 


300-325 

7 

88 


325-350 

5 

93 


350—375 

4 

97 


375-400 

3 

100 


TOTAL 

100 




Compute the median rent, 
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Solution : We Wish to compute the median lent, i.e , the amount (of rent) below 
which 50% and above which 50% of the 2-rooin sets in the city are rented 

First we must make an assumption regarding the frequencies in each class What 
should a ‘reasonable’ assumption be We assume* that the frequencies in each class are 
distributed evenly (uniformly) throughout the class. We go through ihe followmg steps : 

Step 1 ' Make a column of cumulative frequencies 


lies. 


Step 2 


Determine the median'class, i.e., the class in which the 



th observation 


r (100 \ 

In oui example, H=100. ■ Thus Ijth observation will lie m the class 
225-250 J 

We now want to find the point in the median-class at which the jth obser¬ 
vation lies To arrive at the or 50th observation, we need 50—(lO-f 13 + 17) 

=50—40=10 of the 15 ob'servations that are assumed to be uniformly distributed 
throughout the median-class. We use the unitary method and get the required point as 


225- 




15 

=225 + 16.67 
=241,67 (approx.) 
In terms of steps, we have 


X25 


Step 3 . Calculate j= —c. f of Med class** 


*The reader may wonder why ,we did nof make the same assumption that we made for calculating the ^nean 
of the grouped data. A n'loiJient's reflection will showthai the value of the median, with that assumption, 
will be ‘cruder’ than thp one We obtain with the assumption which wc made. 

*'Med_j class is an abbreviahon to denote the class immediaiely preceeding the mediap class. 
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Step 4 Then 


Med- L , 
med 


+ 


i c 
*^med 


where L =rlower limit* of the median-class 

f frequency of the median-class 

c-class-size 

and wheie / is as defined in Step 3. 

Thus 50 pel cent of the 2-room sets in this sample lent out at (approx.) Rs 241.67 
or less and 50 percent at (appiox ) Rs 241.67 or moie 

[Had we assumed that the frequencies in each class are centred at its class-mark, 
the median would be Rs 237 50.] 

We see that the median provides us with a dividing line to separate the higher from 
the lower values 


Wc consider some more examples, 

Example 4 The marks (out of 7 5) obtained by 60 students m a certain exami¬ 
nation are given below 


Marks 

Number of Students 

c.f. 

15—20 

4 

4 


20-25 

5 

9 


25—30 

11 

20 


30—35 

6 

26 1 

60 „ 

3S_40 

-Median Class 5 

31 J 

7—y-26 

40-45 

8 

39 


45—50 

9 

48 


50—55 

6 

54 


55-60 

4 

58 


60—65 

J 

60 


total 

60 



Calculate the median mark. 


*Assuming there aie no gaps between the upper limit of a class and tte lower limit of the class immediately 
following it. 
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Solution: We go through the four steps. We make a column of cumulative 
frequencies 


Now, 

Thus, median-class is 35—40 


2 2 


And, 




- <. /. of Med j class 


■"med 


-= 30 - 26-4 

=35 


('=■5 

^med 


Thus, 


Median-—-35 4 


A, 5 


= 39 


Hence, the median score is .-‘i In other woids, half the cla.ss scoied 39 marks or 
less (oqt of 75) and the other half scoied 39 marks oi more (out of 11} 

23.4.4 Mode of Grouped Data 

As we have seen, mode, the value that occuis most often inai exist but may not 
be unique or may not even exist We will, therefore, not spend much time on learning 
how to calculate mode of grouped data, except veiy ciudely 

We find the modal class, namely, the class cimesponiling u. maximum frequency. 
[There may be more than one modal class.] We :licii hovv' to maki a ‘reasonable’ 
assumption We may assume that the frequencies in each class arc centred at US' class- 
mark. In that case, the mid-point of the modal class is the mode. 

We refer to Example 3, Section 23 4 3 W'c observe that the modal class 
IS 200—225 


Thus, Mode=212.50 

i e,, the modal rent is Rs 212.50 OI coiusc, the modal fiequency is 17 We now 
refer to to Example 4, Section 23,4.3. We observe that the modal-class is 25- -30 

Thus, ", Mode=27 5 

i.e , the modal score (mark) is 27 5, Of course, the modal frequency is 1 1 


23.4.5 Empirical Relation Between Mean, Median and Mode 

We will learn later that in a symmetrig,al (bell-shaped) disinbution, mean, median 
and mode coincide and that in other distributions, they do not Inamajoiily of other 
distributions that we come across, we find that 
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Mode=Mcan—3 (Mean—Median) 

In such distributions, we can sometimes use the formula to calculate the mode, 
course, the values of the mode calculated by the method of Section 23.4 4 and by 
ising the Empirical Relation will clearly be different. As already remarked, we are only 
:oncerned with ‘crude’ calculations of mode and will, therefore, not bother about the 
iiiference m the two values Let us consider Example 3, Section 23 4.3. The median 
en't is Rs 241 67 The mean rent is Rs 248 00 [See Question 11, Exercise 23.1]. 

Thus, Mode=248 0- 3 (248.0 - 241.67) 

=229.01 

[The reader IS advised to draw a histogram to represent the distribution of rents 
md plot the mean, median and mode on the graph ] 


EXERCISE 23.1 

1. Given below is a part of the Fibonacci sequence : 

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89 . 

Find the mean of these 11 numbers. Verify that 
11 

.S (x,-x)=0 

1=1 

2. Find the average of first fi natural numbers. 

3o Find the mean of the squares of first n natural numbers. 

4. Following IS the distribution of the number of outdoor patients registered in a 
certain hospital in 18 0 days ; 


Number of 
Patients 

101—150 

131—200 

201—250 

251—300 1 


351—400 

401—450 

Number of 

Days 

7 

10 

47 j 

72 

1 

75 

11 

8 


(i) Compute the average number of outdoor patients registered per day- State 
the assumption that you make to calculate the average. 
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(ri) What assumption would you make to calculate the mode of the above data '> 
State the assumption and calculate the mode 

{iii) Draw a histogram to represent the above data. Plot the average and the 

mode. 

5. Daily earnings of 600 workers in a factory are given below 


Daily Earnings 
(in Rs) 

8—10 

10—12 

1 

12—14 

14—16 

16^18 

18—20 

^ 20—22 

22—24 

No. of WoiJcers 

1 

20 

25 

30 

36 

1 35 


' 70 

90 


Daily Earnings 
(lu Rs) 

24—26 

26—28 

28—30 

30—32 

32-34 j 

34—36 

36—38 

No of Workers 

41 

40 

35 

40 

20 

10 

5 

1 


(i) Compute the average daily earnings. 

{n) Calculate also the median and the mode, State the assumptions that you 
make to calculate the median and the mode. 


(ill) Draw a freq ^ p g cv polygon to represent the above data. Plot the mean^, 

median ^nd mode. jtM / 

* iPf' . 

6. Following 15 the distribution of the distance travelled, in million kilometres, by 
the Indian Railwajffi for 22 years from 1952-53 to 1973-74, 


Distance 
Travelled (in 
million kms) 

300—320 

320-340 

340-360 

360-380 

380—400 

Number of 
Years 

2 

2 

1 

3 

2 







Distans#: 
Ttavellffd (in 
million kms) 

40®-420 

420—440 

; 0—460 

460—480 


Number of 
Years 

I 

t 

3 

3 

5 
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'' Determine the iqean distance travelled by the Indian Railways in a year. 

[Source : Raw data from Yojna; Vol. XIX; No. 3. 1st March, 1975, Page 14] 

7. Weights of trainees in a wrestling coaching camp are given in tl^e following 
table. Calculate the average weight. 


Weight 
(‘n kg) 1 

Below 40 

40--43 

45—50 

50—55 

55 —60 

,'60—65 

65—70 

70-75 

75-80 

Number of 
Trainees 

3 

_L 

. 5 

6 

10 

12 

10 

1 

8 

4 

2 


State any assumption that you make in calculating the average. 

8. Gross cultivated areas, in million hectares, in 22 States and Union Territories 

of India, are given below ; ^ 

12488, 2600, 10770,10137,5156,898, 815,10413,2685.19637,19195,188, 174, 
49. 7454, 5435, 16624, 6745, 335, 22668, 6528, 422 

Determine the mean, median and mode. 

[Source : Yojna ; Vol. XX ; No. 1, 26th Janliary 1976, Page 24] 

9. Determine the mean gain in weight for 25 children in a school during a 
specified period. 


Gain in 
Weight 
(in kg) 

6.0 

5.5 

5.0 

1 

4.5 

4.0 

- 3.5 

3.0 

2.5 

2.0 

Number of 
Children 

1 

3 

1 4 

1 

5 

2 

4 

3 

2 


10. Given (on the next page) is a frequency distribution of auditory reaction 
times for 188 students at the University of Chicago, U.S.A. 
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Auditory Reaction 


Frequency 


Times (in sec) 




.14—.15 


1 


.16-.17 


12 


.18—.19 


37 


.20—.21 


69 


22—.23 


28 


.242-.25 


17 


.26-.27 


11 


28—.29 


5 


.30—.31 


4 


.32—.33 


2 


.34—.35 


2 


TOTAL 


188 

Find the average auditory reaction time of the group. 

[Source : L.L Thurston, A Factorial Study of Perception, University of Chicago ; 

Press, Chicago. 1944.] 


1 

1 

11 . 

Rent in a certain city for a 2-room set are given below : 


Rent 


Number of 


(in Rs) , 


2-room Sets 


150-175 ' 


10 


175—200 


13 


200-225 


' 17 


225—250 


15 


250—275 


16 


275—300 


10 


300—325 


7 


325—350 


5 


350—375 


4 


375-400 


3 


Compute the average rent. 



12 . 

In a survey of 950 households in a 

village, 

the following distribution of the 

number of children per household is obtained : 




No. of Children 0—2 2—4 

4-6 

6—8 '8—10 10—12 


No of Households 272- 328 

205 

120 15 10 


Find the median - and modal number of children per household. Find also the 
modal frequency 


13. The mean of 10 numbers is 7 and thCj mean of 15 other nuuibers is 12. 
Determine the mean of 25 numbers taken together. 
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14. The medianTof 10 observations is 7 and the median of 15 other observations 
is 12. What can you say about the median of 25 observations taken together ? 

15. The mean of 18 observations is—7 If each observation is increased by 3, 
determine the mean of the new set. 

16. The mean of 12 observations is 6. Ifeach observation is multiplied by 2, 
determine the mean of the new set. 


17. Scores on a Reading Comprehension Test (Age 12+) of lOOO students are 
given below ; 


Scores 

0-5 

5-10 

10-15 

15-20 

20-25 

25—30 

30-35 

35-40 

40-45 

45-50 

(out of 75) 











Frequency 

6 

12 

50 

120 

225 

250 

185 

no 

32 

10 


(a) Find the mean score. 

(h) Find also the median score. ^ 

(c) Use the formula for Empirical Relation between the mean, median and mode 
to calculate the mode of the above data. 

18. The following table gives the population of males and females in different 
age-groups according to the 1951 Census of India. 


, Age/group 
(iii years) 

BS 


B 



-55-64 

65—74 

' Niimber of Males 
(in lakhs) 

447 1 

307 

B 

220 

157 

91 

' 39 

Number of Females 
(in lakhs) 

420 

300 

206 

205 

m 

86 

40 


(a) Calculate the average age of the males and of the females. 

' (b) Calculate als'o their median ages. 

19. f The class-marks of the distribution of scores in a final examination are 10,"', 
30r 50, TfO, 90. Determine the class size and class limits. .. 

20. The class marks of a disilribution are 

■ AT, 51, 57, 62, 67, 72, 77. 82 , 

Detemiine the class ^izci and th,e class limita. ^ 
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23.S The Atithmctical Descriptors (or Measures) of Dispersion 


Two sections of 10 students each in Class VI in a certain school were given a 
common test m English (40 maximum marks). 

The scores of various students are given below : 

Section 1. 7, 10. 12, 13, 15, 20, 21., 28, 29, 35 
Section II: 15, 15, 15, 15, 18, 19, 21, 22, 25, 25 

The average score in each section is 19. Let us construct a dot-diagram, on the 
same scale, for each distnbutjon (See Fig 23.1 below,) The position of the mean is 
marked by an arrow. 

Performance of students in Section I: ' 

-1. L,- IJ II , I ■■■ 

6 , 9 12 15 [21 24 27 30 33 36 

19 

Fig. 23.1(0 

Performance of students in Section II; 


■ ■ 

6 9 12 15 18“ 21 24 27 30 33 36 

19 

Fig. 23.1 (//) 

Clearly, the extent of spread or dispersion is different in each section. The range 
of scores in Section I is 28 while in Section II is 10. 

Now, what should a suitable descriptor of dispersion be ? Examining' the two 
dot-diagrams above, we note that the scores in Section II cluster around the mear while 
those in Section I are spread farther away from the mean. This gives us a clue for a 
possible descriptor as follows: 

' Let us take the distance (or deviation) of each Observation ^from the mean and add 
all such deviations. If the sum is Target the dispersion is 'large'. If, however, the sum is 
'small', the dispersion is 'small' ‘ > 
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Us find the sum of deviations from the mean for scores in Section 1 


Observations 

Devialiotis 

7 

“12 

'10 

. —^9 

12 

- 7 

13 

- 6 

15 

— 4 

20' 

+ 1 

2l 

+ 2 

28 

+ 9 

29 

+10 

35 ‘ 

• ] 

+1(> 

190, 

0 
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Unfortunately, the sum is zero. It is neither 'large' nor ‘small’. Is it a 
coincidence 7 Let us find the sum of deviations from the mean for scores in Section 11. 
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Again, the sum is zero. Certainly it is no coincidence. In fact, we have proved 
in earlier classes, that the sum of the deviations from the mean is always zero for any set 
of data.- Why is the sum always zero ? 

On close examination, we find that the signs of some deviations are positive and 
of some other deviations are negative. Perhaps, this is what makes their sum always zero. 
Now, how do we get nd of negative signs ? 

One method is to take tjje absolute value. If we follow this method, we will 
obtam a descriptor called the meah deviation from the mean. 

Another method is to square a number. Let us, therefor^, square each deviation 
(from the mean) and'$um We obtam the sum of squared deviations. If we divide this sum 
by the number of observations, we obtain the average (of) squared deviations or variance. 
This descriptor, of course, will have units which are squares of those in the data. 

If we wish to have a descriptor of dispersion with the same units as that of the 
data, all we need to do is take the positive square root of variance. We obtain the root 
mean squared deviation or standard deviation. 

The other descriptors of dispersion are the mean deviation from the median, mean 
deviation from the mode, quartile deviation, etc. We shall not take them up in this unit. 

23.6 Standard Deviation and Variance”'' ef Raw Data 

If there are n observations, xi, x^, Xg,.,., Xn, then 

Variance= 

n 

Variance is usually denoted by 

I (X-x)a 

Thus, - 

n 

The standard deviation,** denoted by j, is, of course, the positive square root of j®. 


Thus, v= + 

•There arr several names in vogue for variance . For instance, the average squared deviation, the mean 
squared deviation, etc. 

**Another name for standard deviation is root mean squared deviation. 



AHlTHMjBTlGAl. DESCIUFTORS OF DATA 119 

The following steps are employed to calculate the variance and, hence, the 
standard deviation of raw data. The mean is assumed to have be^n caicuiaied already. 

Step I : Make a column of deviations from the mean, namely, * 

Step 2 (Check); Sum of deviations must be zero, i.e., 

n 

2* (xj—x)=0 

i=l 

Step 3 : Square each deviation and write in the column headed (x,— 

Step 4 : Find the sum of the column m Step 3. 

Step 5 : Divide the sum obtained in Step 4 by the number of observations n. We 
obtain s-. 

Step 6 ■ Take the positive square root of We obtain 

Example 1 The daily sale of sugar in a certain grocery shop is given below : 

Monday Tuesday Wednesday Thursday Friday Saturday 
75 kg 120 kg 12 kg 50 kg 70 5 kg 140 5 kg 

The average daily sale is 78 kg. Calculate the variance and the standard devia¬ 
tion of the above data. 

Solution : We eo through the six steps outlined above in the following columnar 

work : 



Xt 

Xi—X 

(Xi —.*)» 


75 

— 3 

9 


120 

42 

1764 


12 

—66 

4356 


50 

—28 

784 


70.5 

— 7.5 

56.25 


140.5 

62 5 

3906.25 


Check— 

^0 

10875.50 

Thus. 


10875.50 

6 

= 1812 58 (approx.) 

And 

s= 

V 1812.58 

=42 57 (apprjx.) 


Example 2 : Refer to the scores (out of 40) of 10' students of Section 1 in a test in 
English. (See Section 23 5) ■ 

7, Id, 12, 13, 15, 20. 21. 28, 29, 35 
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The mean score is 19. Determine the variance and the standard devi^ion. 
Solution : The various steps are employed in columnar calculations below : 


X, 

\ 

X,—X 


. 7 

—12 

144 

10 

— 9 

81 

12 

— 7 

49 

13 

— 6 

36 

15 

— 4 

16 

20 

+ 1 

1 

21 

+ 2 

4 

28 

+ 9 

B1 

29 

+ 10 

100 

35 

+16 

256 

Check 

- »-0 

768 


Hence, 

76.8=8.76 (approx.) 

' / 

23.7 Standard Deviation and Variance of Raw Data—an'Alternative Method 


If X is in decimals, taking deviations from » and squaring each deviation involves 
even more decimals and the computations become tedious. We give below an alternatiVjfe 
formula for computing In this formula, we bypass the calculation of H 



n 


Of course, .s=d-y' jz 

The steps to be employed in calculation of ,s® and, hence, s by this method are : 
Step 1 : Make a column of squares of observations, i.e., 

n 

Step 1 : Find the sum of the column in Step 1. We obtain S x/ 

i=l 

rt n 

Step 3 : Substitute the values of S X|^, « and 2 Xi in the above formula. We 

f=l /=! 


obtain s®. 
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Step 4 : Take the positive square root of s^. We obtain s 

We refer to Example 2 in Section 23 6 and le-calculate the variance and the 
standard deviation by this method 

Xi Xi^ 

7 49 

10 100 

12 144 

13 169 

15 225 

20 400 

21 441 

28 784 

29 841 

35 1225 

' 190 4^ 

We observe that we get the same value of and, hence, s by either method, 

23.8 Standard Deviation and Variance of Grouped Data—Method I 

Here again we are forced to make an'assumption—the same we made in the 
calculation of the mean of grouped data namely, / 

Frequencies in each class are centred at its class mark. 

We are given k classes and their corresponding frequencies. We will denote the 
variance and the standard deviation of grouped data by and respectively. I'he 
formulae are giyen below : 

k 


and h=+-\/~s^ 

The following steps are employed to calculate jg® and, hence, Jg. The mean is 
assumed to have been calculated already. 

Step 1: Make a column of class marks of the given classes, namely, yt 

Step 2 : Make a column of deviations of class marks from the mean, namely, 
y,—^ , Of course, the sum of these deviations need not be aero, since yi’s are no more the 
original observitiona. 




1=1 


(y 

1=1 


Whence, 


4378-M 

10 768 

10 ~ 10 
=8.76 (approx.) 


= 76,8 
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Step 3 : Make a column of squares of deviations obtained in Step 2, i.e., 

Step 4 : Multiply each entry in Step 3 by the corresponding frequency. We obtain 


k 

Step 5 : Find the sum of the column in Step 4 We obtain S'. {yt—yY ft 

i=l 


Step 6 : Divide the sum obtained in Step 5 by n We obtain 
Step 7 : i'g= + '\/jg 2 
We consider an example. 


Example : In a study to test the effectiveness of a new variety of wheat, an experi¬ 
ment was performed with 50 experimental fields and the following results were obtained : 


Yield per Heclare 
(in quintals) 

Number of Fields 

31—35 

2 

36—40 

41—43 

3 

46—50 

12 

51—55 

16 

56-60 

5 

61—65 

2 

66-70 

2 


The mean yield per , hectare is 50 quintals Determine the variance and the 
standard deviation of the above distribution. ' 


Solution : The various steps are employed m columnar calculations below ; 


Yield per 
Seetare 
(In gulntals) 

Number of 

Fields 

(ft) 

Class mark 

Cki) 




31—35 

2 

33 

—17 

289 

578 

36—40 

3 

38 

—12 

144 

432 

41-45 

a 

43 

— 7 

49 

■392 

46—50 

12 

41 

— 2 

4 

48 

11-35 

16 

53 

+ 3 

9 

144 

56-60 

5 

5K 

+ 8 

64 

320 

61—65 

2 

63 

+13 

169, 

338 

66—70 

\ 2 

68 

+18 

$24 

648 

TOTAL 

50 




2900 
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Thus, 

and 


1=1 


2900 


•*g nr 


=58 


n 50 

Sb—‘s/ 58=7.61 (approx.) 

23.9 Standard Deviation and Variance of Grouped Data—M 'hod II 


If is not given or if y is in decimals in which case the calculations become rather 
tedious, we employ the alternative formula for the calculation of Sg^ as given below : 


Sa“ — 


k 

% y/fi- 

Z=1 






and Se=^ + V^a^ 

The following steps are employed in calculating Sg^, and, hence, Sg by this method ■ 

Step I: Make a column of class marks of the given classes, namely, yt 

Step 2 : Find the product of each class mark with the corresponding frequency 
Write the product in the column "beaded y,/< 

, * 

Step 3 : Sum the entries obtained in Step 2. We obtain, S y,/i 

1=1 

Step 4 ; Make a column of squares of the class marks of the given classes 

namely, 

Step S : Find the product of each entry, in the column of Step 4 with the corres¬ 
ponding frequency. We obtain y/ ft. 


k 

Step 6 : Find the sum of the entries obtained in Step 5 We obtain S f, 

1=1 

k ^ . 

Step 7 : Substitute the values of S « and S ytfi in the formula 

1=1 f -1 


obtain Sg® 

Step 8 ; Jg®. 
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We find Jj® and Sg for the Example of Section 23.8 by this method. The calcula¬ 


tions are given below : 


Yield per Hectare 
(in quintal!) 

fi 

Yi 

fiYt 

>1* 

ytVi 

31-35 

2 

33 

66 

10B9 

2178 

36-40 

3 

38 

114 

1444 

4332 

41-45 

8 

43 

344 

1849 

14792 

16-50 

12 

48 

576 

2304 

27648 

51-55 

16 

53 


2809 

44944 

56-60 

5 

58 

29h 

3364 

16820 

61-65 

2 

63 

126 

391)9 

7938 

66-70 

2 

68 

136 

4624 

9248 

TOTAL 

50 


2500 


127900 


k k 

Substituting the values of % y*®/*, n and Sy,/* in the formula, we obtain 

i=l 1=1 


127900 -^??^^ 


- 2 =- 


50 


50 _2900 


50 


and 5g='v/58 =7.61 (approx) 

- Again, we observe that we get the same value of Jg^ and, hence, Sg by either 
method. 


As we noted m case of grouped-data mean and raw-data mean that the two are, 
in general, not equal, we would also not, m general, expect Sg^ to equal and hence, Sg to 
equal s. In other words, in general, 

Sg^ and Sg^s 

23.10 Standard Deviation and Variance Again : Step Deviation Method 

We will see how to simplify calculations, as we did in the case of the mean, by 
using the step deviation method. We let 


Then, yi=cui^a 

We have already shown that 

Mg (orji)= c u -l-a 


( 1 ) 

( 2 ) 


( 3 ) 
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Subtracting (3) from (2), we get 

yt— y =c{ui— u ) (4) 

In (4), squaring both sides, multiplying by ft and summing over k classes, we get 

Ic _ Jj 

'==] i-l 

k k 

i.e., S {yt- yf‘fi = c^- s («<-h ffi (5) 

/=1 i-i 

Dividing both sides in (5) by n, we have 

k _ 

a (yi-y)^fi k 

« n 1=1 


i.e., 8 i/ 2 = c^Sn® (6) 

where is the variance of the original data and Su® is the variance of the coded data ot, 
coded variance, sj^ can be calculated by using the formula which involves the mean, 
namely, 


8a8=-^ S (n,-u)»fi (7) 

" i=l 

or by using* the tbrmula which does not involve the mean, namely, 

k 

/ s uifi Y 

k [i=l ) 

t fi- 

i=l “ 

So* = - (8) 

. n 

Of course, it is trivial to see tljnt 

^ I 

Si,=c Su (9) 


We consider an example. 

Example : We refer to the Example of Section 23 8 again and find the variance 
using the coded variance., 

The various. steps are‘shown in columnar calculatidns belovif. We let iJ= 48. 
We know c=5. ' 

* Since w do not know, before we start doing ouc ^Iculationa, whjsthej: ^ will be a nice’ 
Dumber ornot, wo, prefer to use formula (fi) in out calculations- 
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Yield per 
Hectare 
(in quintals) 

Number of 
Fields 

(A) 

Class mark 
(yi) 


flUi 


w 

31—35 

2 

33 

—3 

—6 

9 

18 

36—40 

3 

33 

—2 

—6 

4 

12 

41—45 

8 

43 

—1 

—8 

1 

8 

46—50 

12 

48 

0 

0 

0 

0 

51—55 

16 

53 

+ 1 

16 

1 

16 

56—60 

5 

58 

+2 

10 . 

4 

20 

61—65 

2 

63 

+3 

6 

9 

18 

66—70 

2 

68 

+4 

4 

8 

16 

32 

TOTAL 

50 



20 


124 


Thus 


n 


124 


( 20)2 

50 


50 


5 _^ 

=25 


We now' use (6) and get the variance of the original data as 

Jy2=c2ju2 

isQ 

i.e., V=(5)a^=58 


We, of course, get the same variance (and hence, standard deviation) as before. 


23.11 Review of the Formulae and an Aid to Memory 


Raw Data 

Grouped Data 

Given ; Observations : 

Given: Class marks: 

^1, ^25 "'j 

J'l. I'a. ../ 


and frequencies : fi, fz, /a, 

Number of observations ■■ n 

Number of observations : n 
Number of classes : k 

Class size : c 

k 

fi+f2+---+fk= S f,=n' 


i=l 
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Mean : M or x 

R 


M 


S 

/=1 


n 
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Mean or y 

Assumption : Frequencies in each class are 
centred at its class mark 
k 

S Vift 

{oTy)= — 

Mean by coding (n-scale) : 

yi=cui+a 

Mg (or j)=cJl/a+a 
k 

_ S Uift 

where Ma—— - 

n 


Median : Median : 

If«isodd,vaIueof('?i*Vh obser- Assumption: Frequencies in each class are 
\ 2 y distributed uniformly (evenly) tproughout the 

vation. class. 

If n IS even, average of the values of 
and +1 observations. 

where 


Med=L 


med 


jxc 


med 


Sued median-class. 


j= - — c.f. of Med_i class 
■^med median-class 


Mode : 


Mode : ' 


Value of the observation that occurs 
most often 


For a ‘crude’ calculation, 

Assumption : Frequencies in each class are 
centred at its class mark 


Mode=Class mark of the modal-class 
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! 2 § 


Variance ' 
n 


Mode=MeaR—3 (Mcaffl— 

Yariance : i[j 2 




1=-] 




Formuh without the use of mean 




ja= 


« ' i=:l 

t X,^- 

i=l 


n 


n 


Assumption : Frequencies in each class 
centred at its class mark 


A'S‘ 


.2= 


k 

2 {yi-yYf. 

1=1 


Formula without the use of mean : 


2 yM. -■ 

1=1 


(^r 

1=1 


Variance by coding (u-scale): 

yi=cUi-\-a 

Ay2=c2j;uS 

where 


Su 


2 = 


i=\ 


or, Su^= 


k 

S «i“/i 
1 = 1 


( 2 

1=1 


Standard deviation : a 

A=+V A® 


Standard deviation : 

Ab= + V^Ag2 

Standard deviation by coding (n~scale) '■ 

yi=cui+a 

CSxi 


are 


where 
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The formulE for variance of raw data is easy to write if we recall that s* is also 
called the mean squared deviation. Thus, 

(i) We write a deviation from the mean, namely, x,—x 

(ii) We square it, namely,(>:(—I)* 

(ill) We find the average, namely, we add and divide by the total number and 

obtain 

- which IS, of course, the formula for s\ 

n 

The second formula for jg mathematically equivalent to the first one. 

Now how about the formulae for grouped data f If we can write down a formula 
for raw data, the corresponding formula for grouped data is easy to wiite Below are the 
corresponding changes to be made . 

(i) Instead of observations x^'s, class marks y,’j arc to be written. 

(ii) Class marks, by themselves, aie meaningless. Thus, they have to be multiplied 
by the coiresponding frequencies 

(ill) Summation extends over k classes rather than the number of observations. 

EXERCISE 23.2 

1. Total daily evaporation (in mm) for Delhi for the month of July 1973, as 
reported by the Meteorological Department is given below. Find the stan- 
' dard deviation . 

12 0, 16.2, 12 0. 14.0, 6 9, 4.2, 9.0, 14 0, 14.0, 11 5, 11.5, 14.5, 17.0, 4 4, 9.7, 
4.9, 8.4, 5,3, 9.2, 6.5, 0.0, 7.2, 9 0, 4.0, 7.1, 3.0. 8.1, 8.0, 5.6, 8.1, 4,7 

2. Durations of sunshine (in hours) in Amritsar for the first ten days of Augcwt 
1974, as reported by the Meteorological Department are given below ; 

5.1, 4 7, 3.1, 1 6, 1.7, 5 4, 5.0, 11.7, 11 6. 11.5 
Calculate and s, 

3. Given below is a part of the Fibonacci sequence : 

1, 1, 2, 3, 5, 8, 13, 21, 34, 55, 89 
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4. Find the variance of first n natural numbers. 

5. In a study on diabetic patients, the following data are obtained. Find the 
average age at first detection as also the variance of the data. 


Age at Detection 
(in years) 

10—19 

20—29 

30—39 

40—49 j 

50—59 

60—69 

70—79 

80—89 

TOTAL 

Number of Cases 

1 

0 

1 

10 

17 

3B 

9 

3 

79 


6, Refer to Question 4. Exercise 23.1 Find and Sg 

7. The daily earnings of 30 drug stores are given below : 


Dally Earnings 
(in Rs) 

Up to 50 




201—250 



351—400 

TOTAL 

Number of Stares 

3 

1 ^ 

1 ^ 

5 

4 

3 

2 

2 

30 

1 


^ ’ 1 Draw a histogram of the above distribution. 

(c)^'ive an interpretation of Mg, 

(cf) .Mark the position of the mean on the histogram. 

(e) ^'Calculate the following intervals . 

(0 (-Mg Jg, Mg-I-Jg) 

00 (^g~-^g> Mg4-2jg) 

(iii) (Mg-3jg. Mg + 3jg) 

8, The maximum tempeiature (in °C) for the first ten days of June 1978 m a 
certain city are 

' 43, 44, 42, 41, 36. 43, 42, 40. 19, 40 

(a) Compute Mg and .Jg- 

{b) If each of the tempeiatures is increased by 2 “C, find the mean and 
variance of the new set of data 

9. The variance of 8 observations is 2 5. If each observation is muitiplied by 
4, find the variance of the new set of data. 
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10. Following are the weights (in kg) of 20 new-born babies m a maternity home in 
Chandigarh on a particular day in the month of October 74 : 

3.0,3.5,3.0,2.5,2.75, 2 0, 2 25,2 25,2.0, 2.2, 2.75, 2.0, 3.2, 3.5, 4.0, 3.5, 3.2, 
2.0, 2 5, 2 0 

(a) Calculate M, and s 

{b) Construct a frequency table using a class size of 0.2 

(c) Draw a histogram to represent the above data 

(d) Calculate Mg, Sg^ and Sg 

(e) Is M=Mg 2 

{f) Is 1 

(g) Is S = Sg 2 

It. Compute the mean and standard deviation of the following scores ' 

7, 15, 10, 9, 4, 3, 7, 10, 10, 8, 16 

r 

(2. The data below give the earnings of 432 workers in a flour mill 


Monthly Wages Number of Workers 

{in rupees) 


80-100 

18 

100-120 

30 

120-140 

20 

140-160 

40 

160-180 

90 

180-200 

70 

200-220 

68 

220-240 

36 

240-260 

27 

260-280 

21 

280-300 

12 


Calculate the average earnings of the group and the standard deviation. 
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13i, The marks obtained (out of 800) by 1200 students in an entrance examination are 
given below . 


Marjcs 

Number of Students 

201-250 

62 

251-300 

120 

301-350 

412 

351-400 

100 

401-450 

379 

451-500 

87 

501-550 

23 

551-600 

12 

601-650 

3 

651-700 

2 

Refer to the above frequency distribution and write the value of 

(i) k, the number of classes 
(U) ya, class mark of the 3rd class. 

(lii) /a, frequency of the 5th class 

Also, calculate the mean, standard deviation and variance. 

14. Following is the distribution of pupils attending secondary schools and the distance 

of a pupil’s home from a school as 

reported in the Second All India Educational 

Survey in rural areas of Pondicherry 

Distance 

Pupils Attending 

(in miles) 

Up to 1.0 

540 

1.1 to 2,0 

An 

2 1 to 3.0 

434 

3.1 to 4.0 

81 

, 4.1 to 5 0 

113 

5.1 to 6 0 

30 


(a) Calculate Mg, Sg^ and Sg 


(b) Draw a histogram of the above distribution and mark the position of the mean, 

(c) Calculate the following intervals : 

(0 Mg-^Sg) 

(ii) (iW(7’—2iS^, Mg-\-1Sg) 

(jiU') (Mg — 3sg, Mfj-3sgJ 
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(d) Mark the positions of Mg—'isg and on the histogram. 

(e) Approximately how many observations lie in the interval (A/b~3jj, Mj+^Sg) ? 
In the interval {Mg^lsg, Mg+lSg) 7 

23,12 Key Concepts 


Raw data 

Empirical relation between mean. 

Grouped data 

median and mode 

Mean 

Variance 

Mean by coding 

Variance by coding 

Median 

Standard deviation 

Mode 

Standard deviation by coding 


23 13 ' Suggestions For Further Reading 

' An excellent hook for a serious student of statistics is 

[1] G.U. Yule and M.G. Kendall : An Introduction to the Theory of 
Statistics, 

Charles Griffin and Company, Ltd,, London (U.K.), 1958 

Problems from various fields^ of application and methods to decide which statistical 
tool to use, how to use it and how to interpret the conclusions, are elegantly presented in 

[2] B. Ostle : Statistics in Research, Revised Second Edition. 

The Iowa State University Press, Iowa (U S.A.). 1972 

Statistical tools in the hands of an inexperienced researcher can be dangerous. The 
reader is referred to the paperbacks 

i 

[3] W.J. Reichmann : Use and Abuse of Statistics. 

Penguin Books, Middlesex (U K.). 1976. 

[4] D. Huff. How to Lie with Statistics. 

W.W, Norton and Company, Inc, New York (U.S.A.). 1954. 

A comprehensive reading on the subject is the paperback of long standing 

[5] M.J Moroney : Facts From Figures. 

Penguin Books, Middlesex (U.K). 1958 




ANSWERS 


unit XVII 
Exercise 17.1 


8 . 

9. 


Finds the smallest of the three given 
numbers. 


Counts the numbers which are create 
than or equal to 10 from among a givei 

set of numbers 


6 . 2nr, Sts, 2js^ 

7 . 2 

8 . 6.4t 

9. (a) 1 

ib) 0 


UNIT XIX 


UNIT XVIII 


Exercise 19.1 


Exercise 18.1 

1- 0) 4 units/sec 
(h‘) 7 units/sec 
(tit) 8 units/sec 

Exercise 18.2 


2 


2. 7 

3 , 6x 



1. (a) 15.6 

(b) 15.8 

(c) 16 2 

(J) 16 6 

2. 2, 6, 8, No 

3. 3.2 metres/sec 


5. —18;f2 

6. 32;c3 



8 . -3x7 

9. 0 


4 . 

5 . 


1111 

2 • 2 • 2 ’ 2 

-4x. 0, 4, -6 


10. 0 

11. 16, 16, 16 
12. 9 8.49 
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MATHBUATICS 


14. 0, 5, 80, 405 



1 «. 1 

IT. 4n/'* 16n 
18. 4**.--1.0 


Exercise 19.2 

1. 3c>—4x+6 



4 . 

f. 3x“-12x-f8 
8. 18x<i-x» 

7. 8*-8 

8. Sx*-6x+3 

9 . 12t«-10r+l 

10, u'^— 

11. -20y»-3>»a4-35y« 

12.. ro-r-fi 

13. }^-2y+l 

14. 28ta-6ra-8, -8. 14, 192 

15. 1, 1, 3 

16. 4 

17. 85, -55 


18, -6 

19. 202 

20. -^,-19.-67 

21. (a) 19.6 m/$ec, 9 8 m/sec 
(b) 3 seconds 

(fi) 44.1 metres 

22. 21 m/sec 

23. Rs 8400 

UNIP^XX 
Exer^se 20.1 

1. (0 9.8 
(ii) -4 
(Hi) 0 
(iv) 0 

2. 3, 0, 3 

Exercise 20.2 

1. j'-4x-f2=0 

2. >'—16=0 

3. y—256=ji- 

4. y+8x+9=0 
y-27x-54=0 

6. (7,23) 

3 ■ 27 3 * “ 27 j 


8 . (a) ( 0 , 1 ) 

( 1 . 2 ) 
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9. W(«.0).(-|-, i-) , 

(6) (0. 0), (3, 27) 

12 . ( 0 ,- 2 ) 

14. 4j'—12;c+65=0 

15. (1. 4) 

W. 6y+x-5<i=0 

17. 3;»+x—8 =0 

II. y—x=0 

11. 6y—X—30=0 

11. 4y+x-17=0 

21. 9j'+JC-20=0. 93'+JC+20=0 



25. 2j»—X—4=0 


UNIT XXI 
Exercise 21.1 

2. 4x-7 

3. 9x®+28x+y 

4. 8x»+9xa-fl6x 

8vT - - 

5. 2x»+ -.^x7+7V3x«+5v^6 X* 

4. 4acx*—2(Ac+fl</)x 
7. 4x®+8x 


8. 3(x+l)a 

9. 4x*—6x2—6x 

10. Y ^+18*“+9x« + 12x+1 

11. 35x«4.30x^-15x2~6 


Exercise 21.2 


1 _L_ 

(x4-2) (x-4) 
(x-l)> 



. _(x+10) 

2x» 


1 

(2x-l)* 

4.3 10 

x» "’■(x-1)* “ x« 




• 4it»+12x+2 
(2x+3)« 

W. 


(X*+l)8 

„ 6x»+30x+29 
(2x4.5)a 
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mathematics 


x»+6xa+l*J 

Cj:+2)a 

_<J;c2+20X-2Z 

Ik 

2x®—6je*—6 
(x-2)2 

W- —— 

_T 

(x--ii){x—b)[x—c) 

■ xP—+ — 

L x—b~ x—c, 

Exercise 21.3 

1. 6.(x+l)» 

2 -9(2-3x)2 

3, l2x2(x»+2)« 

4. 10(x-|-l)(x2+2x-lJ)4 


(2-x)2 

5Qx(3x-8) 

(3X+2)* 

IS 3x2+12xH-U 
16, ^ x2(2x»+15)» 

17 -5(^^+0 

(1+2x-x8)!S 

18 -54x+81x« 

19 (ax-|-&)““^ (cx+rf)*^”^ 

X [cM(ax+ii)+am(cx+i/)] 

20. l»+5/ 

21 ^(2x-t-3)9 

Exercise 21.4 


5. 

3 

(.V-l)4 

1. 

3x2+8;' 

8x+3>'2 

6. 

-4(4x+5)(2xa4-5x-3)-“ 

2. 

X6+2XJ'2 

7. 

(3x2+2)2(3x-i) [10^3x2+2) 

y^+2x^y 

1 

4-18x(5x—1)] 

3, 

ax+hy+g 

8. 

4x(xa+3)a(x2+5) (3x2+15) 

hx+by+f 

9. 

12C2<»+l)(l4+i2-/) 

4. 

I6x 

W 

(3(2+1)8 



-2(12x-9) 

(4x+3)8(ix-3)a 

5. 

3-x 

10. 

3—5 

11. 

4(x»-2x)8(2x4+2i xa-14) 

(xH7)8 

6. 

15x*—72x>>+54>'a 
36x2-108x>'+81j»a-2;K 

12. 

24( 

7. 

2>'+5x-9=0 

12(3+5)8 

8. 




9. x=l 


ANBWXIU 



11 , 


X 


_t 

T 



1 

r 

Ixf 


p- 21-^. Rs 11 

€. 1+4*—3 jc* 

7. J:«+jc<-2** 

8. 40*»—18*2+2* 



13. — 

5(4*>+5)* ^ 

14. -j-(a*+6)~^ . 

15 -40^+60*»-14*a+123*a-8n*-i-« 

2(2*«-5*2+8)5(;c4+j,_i)i 

^16. y(15*a-47*+36)“*(30*-47) 

17. -=i- 

2(x+2)t (i-jcjl 

18. (11jc»+ 2*—4)V*»—2*4-1 

2^ - 

miscellaneous exercise V 

(On Units XVIII, XIX, XX, XXI) 

1. 3640 units/sec 
1 (t) 728 

^ ^ t* • IT 

> (U) /‘(fl + lO)-* , 9(37)~* 

jl 9 

'' Approx. Rs 2000 


10 . 

11 . 


-- 3 _l -i 
(l-3*)2“ 5 * 

+('^+^^X‘+^) 


12 

13. 

14. 


(^^-2)(6xS+15x^+16x- 6) ' 
jQt-v'*) r 1 "1 

(i-2*)3 L 


J^-4*3-5*3-2* 1 -} 

(*»+*2)2 +y ^ 



15. 1 (1_2**)2(1_;() i (io*a_sjc_ 

16. 1-1 -* 

(^-1)* v/lOO-** 

17 - ^~2^* 6—3* 

/9-** 

18. 9nrZ+20nr+8n 
X9. -4rer«+3(„_i);4.^2r 



T4U ' 


uathsuahos 


21.-Jfliii--- 

3(3f»+3x®r 


22 . 1 + 


X 

'/jfS+S 


23. 


-xi-l 

(jt®—.jf—1)* 


24. 


X®—1 

X® 


25. f 

2tf 


26. 3+ 


v/i 

3x2-6xj>-l 

3(x2+l) 


28. 


29. 


30. 


31 


-Vi 

-(3yx®+4xa+3) 


(2TW 


X® 


ay—X® 


-ax 


32. 4 

33. -1 

34. 0 

35. y-7x-fl0=0 

36. 3y-4x-f-25=0 


37. x+y-2=0 

38. 9y—x-t-27=0 


39. (3,2) 

40. (4,5) 

41. (a) 40y—80x-f-103=0 

(fc) 2y2y-5x-|-4/2-M=0 

42. y-12x—38=0 

43. y+x-l=0 

44. v'3y-x=0 

45. 9y-fx—55=0, 9y-f-x—35=0 

UNIT XXII 
ExerciM 22.1 

1. 8 fans, 12 sewing machines 

2. P«16 

3. C=0 

4. 4 units of A, 4 units of P ; Rs 40.00 

5. A: 5 days, B : 3 days 

6. 30 packages of screws 'A' and 20 
packages of screws ‘B’ ; Ri 41.00 

7. 4 pedestal lamps, 4 wooden shades 

8. Number of quintals to be transported 

From 



A 

B 

D 

10 

50 

To E 

50 

0 

F 

40 

0 
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D Delivery of petrol 

From 
(in litres) 



A 

B 

D 

500 

4000 

To ^ 

3000 

0 

F 

3500 

0 


UNIT xxni 
Exercise 23.1 


« y.-pj) (2 m4-1) 

■’ 6 

4. (i) 270.78 

5. (0 Rs 21.82 

(ii) Rs 21.54 (Median) 

(. 40S.4S million km 
I 57.25 kg 

8. 7337 1 million hectares, 5981.5 million 
hectares, 3270.3 million hectares 
(using the Empirical Relation) 

J. 3.9 kg 

19. 0.215 sec 


■ 141 

11 Rs 248 

12. 3 24 (Median) 

13. 10 

14. It is not possible lo find Hie msiiian 
of 25 observations wit]* the givsn 
information 

15. —4 

16. 12 

17. Mean=Median=Mode=26.74 

18 (a) 27.95 years, 27,70 years 

(6) 25.57 years, 24.17 years 

19. 20 ; 0-20, 20-40, 40-60, 60-S0, 80-100 

20. 5 ; 44.5-49,5, 49,5-54.5, 54.5--59.5, 

59 5-64.5, 64.5-69 5, 69.5-74.5, 

74 5-79.5. 79.5-84 5 

Exercise 23.2 

1. 4.08 

2. 14.40,3.8 

3. 720.26, 26.84 


5. 60.7, 127.37 

6. 4019.37.63,4 

7. (ft) 170.5, 101,94 

(e) (i) (68.56,272,44), 

(*■)' (-33.38.374.38), 
(/fi) (-135.32,476:52) 
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mathematics 


8. (a) 41,5 ; (6) 43,5 

9. 40 

10. (a) 2 7, .3740, .612 ; (d) 2.76, .3604, 

60, (e) No, (/) No, (g) No 

11. 9, 3.79 

12. 186.53,47 51 


13 (/) 10, iii) 325.5,Xiii) 379 ; Mb=369.6, 

j,=75.09, V=5638.4 

14. (a) 1.86, 1.5732, 1.2542 

(d) (0 (.61, 3,11), (it) (- 64, 4.36) 

(»j) (-1 89, 5.61) 

' (c) 1664,1578 
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27 Problem of tangents 
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24 
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99 
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41 
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39 
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27 
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100 
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